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Abstract

This is one of our series works on numerical methods for mean-field forward back-

ward stochastic differential equations (MFBSDEs). In this work, we propose an explicit

multistep scheme for MFBSDEs which is easy to implement, and is of high order rate of

convergence. Rigorous error estimates of the proposed multistep scheme are presented.

Numerical experiments are carried out to show the efficiency and accuracy of the proposed

scheme.
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1. Introduction

Let (Ω,F ,F, P ) be a filtered complete probability space with the filtration F = (Ft)0≤t≤T

generated by an m-dimensional standard Brownian motion W = (Wt)0≤t≤T . We consider the

following decoupled mean-field forward backward stochastic differential equations (MFBSDEs)

on (Ω,F ,F, P ):
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where Θt0,η
s = (Xt0,η

s , Y t0,η
s , Zt0,η

s ) for η = x0 or X0, and θ = (x, y, z); X0 ∈ F0 is the initial

value of the mean-field stochastic differential equation (MSDE), and ξ = E[Φ(X0,x0

T , µ)]|
µ=X

0,X0
T

is the terminal condition of the mean-field backward stochastic differential equation (MBSDE);

b : [0, T ]×R
d×R

d → R
d and σ : [0, T ]×R

d×R
d → R

d×m are respectively referred to as the drift

and diffusion coefficients of MSDE, and f : [0, T ]×R
d×R

p×R
p×m×R

d×R
p×R

p×m → R
p is the

generator of MBSDE. A solution triple (X0,X0

t , Y 0,X0

t , Z0,X0

t ) of (1.1) is called an L2-solution

if it is Ft-adapted and square integrable. In general, X0 and x0 are of different values, and the

triple (X0,x0

t , Y 0,x0

t , Z0,x0

t ) is the solution of the MFBSDEs with X0 = x0.

The above MFBSDEs admit diverse applications in many research areas such as kinetic gas

theory [3], economics and finance [14], quantum mechanics [22], stochastic optimal control prob-

lems [17,18,24], mean-field games for large population multi-agent systems [1,9,31], stochastic

particle systems with mean-field interactions [2, 3, 22], to name a few.

While there have been many works on numerical methods for BSDEs and FBSDEs, see

e.g., [10–13,19–21,23,33,35–37]. However, there are only a few of works on numerical MFBSDEs.

The main difficulty is that the solutions of MFBSDEs depend on the distributions of the forward

SDEs which makes it a challenge to construct efficient and accurate numerical schemes.

In our previous works [29,30], we have proposed two one-step schemes: an explicit θ-scheme

and an explicit second order scheme for decoupled MFBSDEs. In this work, by adopting the

backward orthogonal polynomials in [38], we shall propose an explicit multistep scheme for

MFBSDEs. The proposed multistep scheme is easy to implement, yet is of high order rate

of convergence. Moreover, we present rigorous error estimates, which show that the scheme

admits high order convergence rates if the associate MSDEs are solved by high order schemes.

To verify our theoretical finding, we present several numerical experiments, in which the Monte

Carlo method is used for approximating the expectations involved in MFBSDEs. The numerical

results indeed show that the proposed scheme is stable, effective and is of high order rate of

convergence.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries

which include the backward orthogonal polynomials, the Feynman-Kac formula for MFBSDEs,

and the mean-field Itô-Taylor expansion. Our multistep scheme and its error estimates are

presented in Section 3 and Section 4, respectively. In Section 5, numerical tests are presented

to verify the theoretical results. Finally, we give some concluding remarks in Section 6.

2. Preliminaries

This section presents some preliminaries on the backward orthogonal polynomials, the

Feynman-Kac formula in the mean-field case, and the mean-field Itô-Taylor expansions.

2.1. Backward orthogonal polynomials

We recall the backward orthogonal polynomials introduced in [38], which shall play an

important role in designing and analyzing our multistep scheme.

Definition 2.1 (Backward orthogonal polynomials). We call a set of polynomials {Qi

(s)}Li=0 defined on the interval [0, 1] the backward orthogonal polynomials, if for each i =

0, 1, . . . , L, it holds that

∫ 1

0

Qi(s)ds = 1,

∫ 1

0
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jds = 0, 1 ≤ j ≤ i.


