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§1. Introduction

We are interested in constructing a continuously differentiable surface of approx-
imate solution to the liflear hyperbolic equations with variable coefficients. To this
end, in Section 2 we develop a finite difference scheme by overlapping three finite
difference schemes, which approximate the exact solution and its two partial deriva-
tives. By using this scheme we can conveniently obtain a continuously differentiable
surface in the space of bivariate spline functions. In fact, this scheme is determined
“uniquely” by the spline space.

In Section 3 we show that the scheme is stable and convergent in L-norm.
The interesting fact is that, making use of the spline approximation theory, we can
estimate the error by using appropriate moduli of smoothness. This leads to the
fact that the spline approximate solution and its partial derivatives are convergent
to the exact solution and its partial derivatives respectively when the exact solution
is in C?. In fact, in Section 5 we will prove the following result:

Under the hypotheses of Theorem 3.1, if the exact solution v of the hyperbolic
equation (2.1) is in C*(D), then the fo]lﬂwmg estlma.tes hold:

v — ullpr < <K a:w(DQv,cr D')

| Ox(v —ulllpr | o o "

; = T < Kw(D?,a, D),

v —w)llpr ) |

where u is a spline approximate solution and o =\/ h2 I+ k?, with h and k as steps
in the directions = and t respectively.
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“The convergence.can ‘be shown -even if the exact solution is in-C?. .

. In this paper we handle only the single equation,. but it is not- dlfﬁcult to gener-
alize our method to the hyperbolic system. In Sections 4 and 5 we introduce some
definitions and results about the space of bivariate spline functions and the bivariate
approximation theory. For more details, the readers are referred to [1] and [3]. All -
constants appearing in this paper are dEIlOtEd by K althnugh they may be dlfferent

§2. The Fihlite D_iffe_rgnc;e Scheme .
| Colnsider the first order liypérb;‘}lic Eqﬁatién. of the fﬂﬂrm:‘ |
M “(‘“ )3z0 . et (2.1.1)

where a(:n t) <0 for a.l] (z t) € D = [0 +m) X [0 -l-m), w1th the initial-boundary
conditions , - ~ ‘ -

V(:c,l]):f(:c),r ""oém<+m; . 1)
PVO0,1)=g(t), O0<t<+oo. . (2.1.3)

Let u?, (8;u)} and (8;u)! be three grid functions which appmmma.te the exact
solution v, 8; v and 8, v at the points (ih,nk) respectively, where k is the time step
and h is the grid spa.cmg Thme grid functmns are determmed by the fcrllowmg
relations: -

ST T . 5 4
= (1 e a:‘,\)'l[u?“l -+ 5(311:;;)?' et Eﬂ' 3;-‘!!),__1 /\a u}"_l y | (221)
(@} =—@u) T 2T~ T, (2.2.2)
(Bow)? = —(Beu)ey + 207 (P —uly), &m=1,23,5, (223)

where A = k/h. In order to impléement this.scheme, let

up = (0)“ g(0), T -
T H(0pu)g = g'(nk),: - (Bpu)g = (a9) T g (nk), n=0,1,2,7-0. (2.3.3)

The following lemma shows where the re.la.tmn (2.2.1).comes from. .
- Lémma 2.1::The thﬁez mtahans m (‘2 2) are equwalent ta the relatwns (2 2 2)

i-’-u'-." Ay

(2 2.3) and the following relat:mt"' LR e
(Bfu)“' =" ('B,;u)‘!" f,n = 0 1,2,3,- | (2.2.1%)



