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Abstract

In this paper, we make a Kantorovich-type analysis for the sparse Johnson and
Austria’s algorithm given in [2], which is called factorization update algorithm.
When the mapping is linear, it is shown that a modification of that algorithm leads
to global and Q-superlinear convergence. Finally, we point out the modification is
also of local and -superlinear convergence for nonlinear systems of equations and
give 1ts correspending Kantorovich-type convergence result.

§1. Introduction

For a large sparse nonlinear system of equations
Plz) =0, F:Dc AR — R", (1.1)

Johnson and Austria gave a kind of direct secant updates employing matrix factoriza-
tions to get its solution and proved its local and @-superlinear convergence property(see
[1]). By changing the updates in matrix forms, the authors!® set up its Kantorovich-
type analysis. Since Johnson and Austria’s algorithm does not maintain the sparse
structures of the triangular factors, the authors proposed its modified version, ob-
tained a factorization update algorithm which has the sparse transitivity property of
triangular factors H and U, and proved that this algorithm is of local and Q-superlinear
convergence (see [2]).

In this paper, in order to complete the convergence theory of the factorization
update algorithm, we make a Kantorovich-type analysis paralleling the one given in
[3]. When F(z) is linear, the Kantorovich-type convergence theorem naturally leads to
global and @)-superlinear convergence for the modified factorization update algorithm.
Fimally, we show that the modified algorithm is convergent locally and Q-superlinearly
for solving the large sparse nonlinear system of equations (1.1).

In the remainder of this section, we restate the factorization update algorithm for

reference.
First, we introduce the following notations given in [2]:
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Set P, C R* x R"*, P, = {(i,)lt # j,1 < i,j < n}, for certain P C P,, subspace
EC RPRE L=4L E L(R )|L is a unit lower triangular matrix, L;; = 0, for
(,7) € P and i > j,1 < 4,7 < n}; subspace Y C R" x R™, U = {U ¢ L(R™)|U 1s
an upper trlangula.r matrix, U;; = 0 for (4,7} € Pand : < j,1 < 2,7 < n}; matrices
A= (M}), Ar = (M) € L(R™),

{ 1, if U;.:j # 0, (2) { L if H{j ?£ 0, and 2 > j,.
3§12 -

2
3 =

fl, otherwise, 0, aotherwise

and n-dimensional vectors

with

S;, if AE;} = 1, Y, if A:fl =
s(2); = y(2); =

0, otherwise, 0, otherwise

where s;,y; are the j-th components of vectors s, y, respectively.

Now, the factorization update algorithm is of the form

m{k-{—l] i ﬂ:{k} Y S{}:.]] S{k] = I_[I.:-,L—l_} o Ilf.l:]nt
(1.2)

Upst™) = —H, F(e™),

where, given an initial value ") and initial approximation H;'Uq to F'(2'9), Hg €
L, Uy € U, the matrices {H.}, {U,} are generated by

T

Hypr = Hi — 3 (o), vi(6)) T ef (Hrgn — Uies"™esm (i)

p=]
(1.3)

Upr1 = Uy +Z (or(2), vr () T el (Hryn — Uns™)eis'™(4)"

1=1

and

v = F(z¥+0) - Fa™),
{ 1A

o) = (e, - g()im1, sM(@)s, - 51 (0)),

where a® denotes 1/a for a # 0 or 0 for a = 0, respectively, (-, } denotes the Euclidean
"inner product, and e; is the i-th unit vector in B™.

In the following discussion, we always assume that F : D C R” — R" is continuously
differentiable and F' satisfies the Lipschitz condition with the Lipschitz constant 7 on
an open convex set Dy C D, and thereexist H(z) € L, U(z) c U such that H(z)F'(x) =
U(z) holds for all z € Dy. In addition, we denote ||-|| as {|-[j2, and |- ¢ as the Frobenius



