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Abstract

A method for construction of a preconditioner for the capacitance matrix on the
interface is described. The preconditioner is determined by a subdomain covering
the interface, and the condition number of the preconditioned matrix is dependent
on the width of the covering subdomain and independent of the discrete mesh size
and dis¢ontinuity of the coefficients of the differential operator. Some applications

of our theory are presented at last.

»
1. Introduction

Let Q C R? be a polygonal region, and

2y P
=~y 6::, (a”cﬂa::,) + cu.

t,j=1

be an elliptic operator defined on it; here, (a; ;)i j=12 is symmetric positive definite and
bounded from above and below on {2, ¢ > 0.

{ﬂ(’l&, ‘U) = (f: ‘U), vE H&(ﬂ)’ (1.1)

u € H} ()
is the variational form of the boundary value problem, with the bilinear form
2
Ju Ov :
a(u,u) = L [IJZ= aija:!}i 33?_;5 | cuv].

For convenience we discuss only the homogeneous Dirichlet boundary value problem
here. The norm in H} () introduced by a(-,-) is equivalent to the original one. Hg(2)
will be treated as a Hilbert space with inner product a{-,-) in the following.

(1,1) is discretized by the finite element method. Triangulation and linear contin-
uous element will be discussed. The triangulation is supposed to be local and regular.
The discrete form of (1.1) is

{a(u,v) = (f,v), v € SH),

u € SE(Q). o)
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The domain  is decomposed into two non-overlapping subdomains ; and {22 by
the interface T which coincides with the finite element triangulation. & = QU Oy, 1N
Qo =1, N = 0.

{2 represents the set of finite element node points in £2, €, = QN €, = NNy, =
I'N Q. (1.2) may be written in matrix -vector form

Aop Aol Aoz zo bo
Alg An 0 L1 — bl (1.3)
Az 0 Az2 r2 by

where zq,z; and z2 are vectors corresponding to restrictions of the finite element func-
tion on I', {}; and (5. (1.3) can be attributed to a small scale problem on I' by Gauss

elimlnation
C:Bg =i (1.4)

where
= Au{] = Amﬂﬁlﬂm - AU2A2_21A201

#» d= bO - AO] Afll bl = ADZAszle:

and C is the capacitance matrix or Schur complement. -

When (1.4) is solved, (1.3) will become two isolated Dirichlet boundary value prob-
lems. The iterative method is often used to solve (1.4). Since Cond (C) = O(h™1),
a proper preconditioner 18 necessary. There are many preconditioners constructed in
recent years ([1-4] and the probing technique in [4]), but those preconditioners are
proved or verified numerically to be spectrally equivalent to the capacitance matrix,
but it should be noted that the condition number of the preconditioned matrix by these
preconditioners will depend on the shape, size of 2, Q; and §22 and the coefficients of
the differential operator.

We will construct a new preconditioner in this paper, which is determined by a
subdomain covering the interface. The condition number of the preconditioned matrix
is independent of the subdomains and the interface (§21,2,I') and discontinuity of the
coeficients of the differential operator, which is determined by the width of the covering
subdomain.

2. A Preconditioner Determined by a Subdomain
| Covering the Interface

(), is a subdomain of § covering I, the boundary of which coincides with the finite
element mesh line. g has a uniform overlap with {4 and : the width of Qg is of
order 0(6) o1 = o N 21, Qoo = U N Na.

{:,1 € 1} is the set of the usual finite element basis functions. The element of the
stiffness matrix is

oy

aij = alpi, @), & J €Y



