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Abstract

A fast algorithm for evaluating and displaying bivariate splines in a three direc-
tion 1s presented based on two-level transfomation of the corresponding B-splines.
The efficiency has been shown by experiments of surface modelling design!®!.

1. Introduction

It has been sh’own 1] that bivariate B-spline is a very useful tool for designing surface
modelling. One main difficulty in practice, however, is to develop an efficient algorithm
for evaluating and displaying the resulting surface. In fact, for a given partition 2 a
bivariate spline in the space S{({2) is a piecewise bivariate polynomial of total degree
k with global continuity degree u. It means that in each subdomain the surface can be
represented as a Bernstein-Bezier form. By using well-known subdivision techniquel?
one may give an algorithm for B-B surface in each subtna,ngle However, the working
amount along this way would still be very large. Because in three direction case there
18 no analogy of efficient recurrence like so called de Boor-Cox algorithm in univariate
case, we have to find another way by using some B-spline properties. In this paper we
present a fast algorithm for evaluating and displaying spline surface based on two-level
transfomation of B-splines. Numerical tests show it is really very efficient.

2. Two-Level Basis in the Space S5 !

For v = 0, §;! is a space cansisting of step functions. It is obvious that after
halving the origin mesh the resulting step function is equal to the summation of the
four step functions with fine mesh (Fig. 1), i.e.

B°(P,Q;2h) = B°(P,Q; h) + B°(P,Q1; h) + B°(P,Qa; h) + B°(P,Qs; h).
It can be rewritten in terms of shiftor operators
B%(P,Q;2h) = (I + Ey + E» + E3)(A)B°(P,Q; h)
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where

El(ﬁ)BD(Pa @; h’) G BO(P1 1; h)

etc.

To find the transformation between a finer and a coarser grids in the general spline
space of S2v~1(y > 1), we need to apply the following result 4l

Theorem 1. Suppose a piecewise polynomial surface B™(P,Q) is a B-spline in
space S}  and another piecewise polynomial surface B™"°(P, Q) is defined by the fol-
lowing demmtwe-dﬁ_ﬂ’erﬁnce relation in three directions for each §1y,,

D3 B?;E3(leu) DS(‘&)B —~1,8—1,2~ 1(‘QAMI-*’)

€1€2€3

if rst # 0, .
B‘”+3 =0

E1EgE3 rst

if rat =0, wherer +s+t=n+3
Dy = (I - EiE;V)(I - E3E3 ) (I - E3ETY)

then B*H3(P,Q) must be a B-spline with the same parameter @ in the space S:;i% o

Furthermore, there s a. difference recurrence in terms of B-nets for each pair of piece-
wise polynomial surfaces B™(P,Q) and B"*°(P,Q) i,
Note that

D3(Aap) = D3(ApR)G3(Ap)
where

Gs = (I + BB V) + E2:E5 V) (I + EsETY),
Ds(Azn)BY(P, Q; 2h) = D3(Azn)(I + E1 + Bz + E3)(Ar)BY(P,Q; h)
= D3(Ar)G3(An)B(P,Q; ).

By communicativity of these operators, hence, we have

D2 . ..B3(P,Q; Au) = D3(82n)B°(P,Q; Aap) = D3(AR)Gs(AR)B°(P,Q; h)
= G3(An)Da(An)BY(P,Q; h) = G3(An) D2 e, B° (P, Q; Ar)
= D3 ... {Gs(An) B’ (P, Q; An)}-

€1€2€3

Because the both functions of the above equation under the differentiation in three
directions have the same compact support, therefore we have
Theorem 2.

Ba(Pa Q; &Zh) e Sl(‘&h)BB(Pr Q; &h)v
S51=Gs(I+ E; + B2 + E3).
Example 1. In the space of S3 the operator S; contains the following 19 terms:

.Sy = 2I +4(Ey + Ez + E3) + 2(B1E; 'E3 + B2 E; 'Ey + E3Ey " Ey)



