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Abstract

A necessary and sufficient condition of regularity of (0,1, - - -, m— 2, m) interpo-
lation on the zeros of the Laguerre polynomials LS;E)(:E) (e > —1) in a manageable
form is established. Meanwhile, the explicit representation of the fundamental
polynomials, when they exist, is given. Moreover, it is shown that, if the problem
of (0,1,-+-,m — 2,m) interpolation has an infinity of solutions, then the general
form of the solutions is fo(z) + Cf1(x) with an arbitrary constant C.

»

1. Introduction

Let us consider a system A of nodes
DLy <29 << &, N2 (1.1)

Let P,, be the set of polynomials of degree at most n and m > 2 fixed integer. The
problem of (0,1,---,m — 2,m) interpolation is, given a set of numbers

Ykiy ke N .= {1:23*":”}1 jEM:: {0,1,-",??’1-—2,??1}, (12)
to determine a polynomial Ryy-1 € Pmn—1 (if any) such that

RY) (zx)=wms;, VEEN, VjEM. (1.3)

mn-—1

If for an arbitrary set of numbers y; there exists a unique polynomial Ryn—1 € Povni—1
satisfying (1.3), then we say that the problem of (0,1,:--,m — 2,m) interpolation on
A is regular (otherwise, singular) and Ry,,—1(x) can be written uniquely as

Ron1(z) = ) ykjTii(z) (1.4)
kREN
iEM
where 73; € Pmn—1 satisfy
rj(g}(mu) = Ok 0jp, k,w€N, jueM (15)
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and are called the fundamental polynomials. In particular, for convenience of use we
set

pel3) s=Temle), Kk=1,2, ¥ (1.6)

In (1] and [2] the exact condition of regularity on the parameter a > —1 of the
Laguerre polynomials LS,,“)(:I:) is found for (0,2) interpolation based on the zeros of
these polynomials. The problem of determining the fundamental polynomials is also
discussed. But the latter problem is solved for &« = —1 only. For a > —1 the represen-
tation of fundamental polynomials is given only in the case when « is an odd integer
and only on (—o00,0), while a representation on [0, c0) would be more important. Fol-
lowing the main idea of {1] and [2], in this paper we attempt to give a necessary and
sufficient condition of regularity of (0,1,---,m — 2, m) interpolation for the Laguerre
abscissas. Meanwhile, we develop a method of finding the explicit representation of the
fundamental polynomials when they exist without exception. Thus, our results improve
and extend the ones of [1] and [2]. Finally, when the problem of (0,1,::-,m — 2,m)
interpolation on A is not regular, then for a given set of numbers y;; either there is
no polynomial Ry, # () satisfying (1.3) or there is an infinity of polynomials with the
property (1.3). The possibility of an infinity of solutions raises the question on the
dimensionality of their number. We show that in the case of infinitely many solutions
the general form of the solutions is

Ryn-1(z) = fo(z) + Chi(),

where fo(r) and fi(z) are fixed polynomials and C is an arbitrary number.

2. An Auxiliary Lemma

We first state a lemma given by the author in [3]. To this end we introduce the
fundamental polynomials of (0,1,---,m — 1) interpolation. Let Ag;, Bi € Pumn—1 be
defined by

AV (2,) = Bbin, kv =1,2,+-,n, jp=0,1,-,;m—1 (2.1)
and
Byl o= Aol = %(a: — )™ UMNz), k=1,2,--,m, (2.2)
where
lelg) = %) wpl(z) =clz —z1)(x —x2) -+ (T — Zn), ¢ #0. (2.3)

(¢ — zi)wn(zr)

Then we have
Lemma. If there is one indexr i, 1 < i < n, such that p; € Puyn—1 with the
properties (1.5) exists uniquely, then the problem of (0,1,---,m — 2, m) interpolation 13



