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Abstract
We examine a simple averaging formula for the gradient of linear finite elements
in Rd whose interpolation order in the Lq -norm is O(h2 ) for d < 2q and nonuniform
triangulations. For elliptic problems in R2 we derive an interior superconvergence
for the averaged gradient over quasiuniform triangulations. Local error estimates
up to a regular part of the boundary and the effect of numerical integration are
also investigated.

1. Introduction
Consider a model elliptic boundary value problem
−
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in Ω, u = 0,

on ∂Ω, 1.1

where Ω ⊂ Rd , d = 1, 2, 3, is a bounded polyhedral domain with a Lipschitz boundary,
f ∈ L2 (Ω), aij are Lipschitz-continuous functions and the matrix A = (aij ) is symmetric
and uniformly positive definite with respect to x ∈ Ω .
It is known that the finite element method applied to (1.1) may produce some
superconvergence phenomena even if the used meshes are nonuniform[5,8,9,10,12]. In
a recent paper [6], an interior error estimate for the recovered gradient of Galerkin
piecewise linear approximations has been proposed in the case d = 2. This result,
however, has required a high global regularity of the solution of the boundary value
problem. In the present paper we derive other error estimates over some subdomains
for problems of low regularity. We employ some results of [9, 13] together with a series
of modified lemmas of our recent paper [6].
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In Section 2 we establish an optimal interior error estimate on subdomains in L2 norm, whereas Section 3 is devoted to an error estimate in the so-called discrete interior
L2 -norm. The effect of numerical integration is treated in Section 4 on a simple example.
We present local error estimates up to a regular part of the boundary in Section 5, 6
and 7, in the continuous and discrete L2 -norm, respectively.
Throughout the paper C, C ′ , ... are generic positive constants and k · k is the Euclidean norm. The symbol Wqk (Ω) stands for the Sobolev space equipped with the
standard norm k · kk,q,Ω and seminorm | · |k,q,Ω . In particular, we write
k · kk,Ω = k · kk,2,Ω ,

| · |k,Ω = | · |k,2,Ω ,

and (., .)0,Ω is the scalar product in L2 (Ω). The subspace of W21 (Ω) whose functions
have vanishing traces is denoted by ◦ → W21 (Ω). The weak solution u ∈ ◦ → W21 (Ω) of
(1.1) is defined by the relation
a(u, v) = (f, v)0,Ω
where
a(u, v) =

∀v ∈ ◦ → W21 (Ω), 1.2

Z X
Ω i,j

aij
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dx.
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Let
Vh = {vh ∈ C(Ω) | vh |K ∈ P1 (K) ∀K ∈ Th },
where Th is a triangulation (decomposition) of Ω into closed simplexes in the standard
sense and P1 (K) is the space of linear polynomials over K. Let Vh0 = Vh ∩ ◦ → W21 (Ω).
A finite element approximation of (1.1) reads: Find uh ∈ Vh0 such that
a(uh , vh ) = (f, vh )0,Ω ,

∀vh ∈ Vh0 .1.3

Moreover, let πh : C(Ω) → Vh be the usual linear interpolation operator such that
πh v(Z) = v(Z),

∀Z ∈ Nh ,

where Nh is the set of nodes of Th .
Recall that a family of triangulations F = {Th }h→0 is said to be regular (strongly
regular) if there exists a constant κ > 0 such that for any K ∈ Th and any Th ∈ F
there exists a ball B ⊂ K with radius ρK such that κhK ≤ ρK (κh ≤ ρK ), where
hK = diam K and h = maxK hK .
We briefly recall the definition of the weighted averaged gradient introduced in
details in [6]. For Z ∈ Nh denote by ℓi = ℓi (Z) that straight line which passes through
Z and is parallel with the axis xi .

