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VERIFYING THE IMPLICITIZATION FORMULAE FORDEGREE n RATIONAL B�EZIER CURVES�1)Guo-jin Wang(Department of Applied Mathematis, Zhejiang University, Hangzhou 310027, China)T.W. Sederberg(Department of Computer Siene, Brigham Young University, Provo, UT 84602, USA)AbstratThis is a ontinuation of short ommuniation[1℄. In [1℄ a veri�ation of theimpliitization equation for degree two rational B�ezier urves is presented whihdoes not require the use of resultants. This paper presents these veri�ations inthe general ases, i.e., for degree n rational B�ezier urves. Thus some interestinginterplay between the struture of the n � n impliitization matrix and the deCasteljau algorithm is revealed.Key words: Rational B�ezier urve, Impliitization, Resultant, de Casteljau algo-rithm. 1. IntrodutionIn order to investigate impliit representations of parametri urves and surfaes, thetraditional algebrai geometry theory is always used. Reently some researh reports,e.g.[1℄, show that the rising Blossoming priniple[2;3℄ is more intuitive and eÆient thanthe method of algebrai geometry for the impliitization. This paper is a otinuationof [1℄.Given a degree n plane rational B�ezier urveP(s) = [P0;P1; � � � ;Pn℄ "(1� s)n; n1!(1� s)n�1s; � � � ; sn#T (0 � s � 1); (1)where Pi = (wixi; wiyi; wi) are the homogeneous B�ezier ontrol points. Denote by������ PPiPj ������ � wiwj ������ x y wxi yi 1xj yj 1 ������ ; (2)� Reeived April 16, 1996.1)The Projet was supported by National Natural Siene Fundation of China and by a grant fromthe OÆe of Naval researh of USA.



34 G.J. WANG AND T.W. SEDERBERGwhere P = (x; y; w) is the homogeneous point. LetLij =  ni! nj! ������ PPiPj ������ ; (3)Lhk = min(h;k)Xl=max(0;h+k+1�n)Ll;h+k+1�l; (4)F (P;P0;P1; � � � ;Pn) = Fn�n = 26664 L00 L01 : : : L0;n�1L10 L11 : : : L1;n�1... ... ... ...Ln�1;0 Ln�1;1 � � � Ln�1;n�1 37775 : (5)Using polynomial resultants, the impliit equation of (1) an be written[4;5℄ as [Gold-man, Sederberg et al., 1984℄ f(x; y) = det (F ) = 0: (6)In the short ommuniation[1℄ a proof is presented | whih does not rely on thetheory of resultants | that f(x; y) = 0 for all points on the degree two rational B�ezierurve, and hene some insight into the determinantal struture of the impliit equationis given. But in the general ases, i.e., for degree n rational B�ezier urves, the proofis not given yet. This paper will present these veri�ations, and show that the deCasteljau algorithm[2;3℄ is very useful to investigate the impliitization equations ofparametri urves.2. Verifying the Impliitization EquationsWe will prove for all points on the degree n rational B�ezier urve,f(x; y) = det (F ) = 0:Before the proof we will show the followingTheorem 1. If subdivide the rational B�ezier urve (1) at an arbitrary parametervalue �, and denote a part of the urve (1) that orresponds to [0; �℄ by a new degree nrational B�ezier urveP�(s) = [P�0;P�1; � � � ;P�n℄ "(1� s)n; n1!(1� s)n�1s; : : : ; sn#T (0 � s � 1); (7)then we have� � A(�) � F (P;P0;P1; : : : ;Pn) � AT (�) = F (P;P�0;P�1; � � � ;P�n): (8)Where A(�) an be shown to be a lower triangular n� n matrix, with the elementsaij =  n� ji� j!�i�j�j�1 (i; j = 1; 2; � � � ; n); (9)


