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WITH CHEBYSHEV NODES*!
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Abstract

Explicit expressions of the Cotes numbers of the generalized Gaussian quadra-
ture formulas for the Chebyshev nodes (of the first kind and the second kind) and
their asymptotic behavior are given.
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1. Introduction

This paper deals with the generalized Gaussian quadrature formulas for Chebyshev
nodes (cf. [2]).

Throughout the paper we assume that m and n are positive integers. As usually,
T, (z) and Uyp(z) denote the m-th Chebyshev polynomials of the first kind and the
second kind, respectively. Among generalized Gaussian quadrature formulas one of the
most important cases is the weight

Wy () = (1 — z2) (M2 =(m+1)/2 (1.1)

where [r] denotes the largest integer < r. In [5] we pointed out that if we take as nodes
of a quadrature formula the zeros of (1 — 2?)U, _1(z) (here we replace n + 1 by n for

convenience)

k
.’Ekn:COS—T(, k=0,1,..,n, (1.2)
n

then the quadrature formula with certain numbers ¢k, = Cigmn (called Cotes numbers
of higher order)

1 n Mmg )
[ f@on@un@)ds = 323 s O (a) (1.3
- k=0i=0
is exact for all f € P, (_1)m_3]/2, where
om(x) :=sgn U, _1(z)™ (1.4)
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and
1, 1<k<n-1,
mp = [nm— 2], =4 (1.5)
5, k = O,TL

As it turns out, the most interesting property of this quadrature formula is that its
nodes do not depend on the index m. In [5] we found the explicit formulas for c;gmn
and their asymptotic behavoiur as n — oc, which provided an answer to an analogue
of Problem 26 of Turan [6, p. 47]. To state this results, which will be used later, we
put:

Ap(z) = (1 — )™ 0, _ ()™, (1.6)
m!(1 —z2)™2U! | (z)™,  1<k<n-—1,
_oym/2 ([ m _
Qo — A () — 4 C2MA([F]) 0wy k=0, (1.7)
(m/2] ([T _1)m —
2m2A([Z]) O (-)™, k=n,
([ngm])!Am (2)
Lin(z) = . k=0,1,..,n, 1.8
k() dyepn (2 — p,) ] ! 5
1 IRIG) .
bikm:,—'[Lkm(:r:) ] L i=0,1,.; k=0,1,..,n, (1.9)
2. T=T}

(4)
Bikm:il—'{ > [Q(xy—x)Lkm(x)]l} . i=0,1,..; k=0,1,...,n,
" Wve{on}\{k} J— (1.10)

=Lk

2, if m is odd,
Sm = (1.11)

, if m is even.

Then we have (cf. [5]; for m = 4 the results of the theorem can be found in [7]).
Theorem A. Let (1.2) be given. Then for each k,0 < k < n, and for each i, 0 <

1 < mg,
NgSm(m — 2)!
c = , m > 2,
{ my,k,m dk,m72[(m . 2)!!]2n = (1_12)
Cmp+1,km = 0,

my !ka k,m

ilng(m — 2) {6 +ng(m —2) — mg)byy, i km—2

Cikm = Cikm—2 +
(1.13)

1
- 5[1 + (=)™ By, i1 km—2}, m > 3.



