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A NOTE ON CONSTRUCTION OF HIGHER-ORDERSYMPLECTIC SCHEMES FROM LOWER-ORDER ONE VIAFORMAL ENERGIES�1)Yi-fa TangState Key Laboratory of Sienti� and Engineering Computing, Institute of ComputationalMathematis and Sienti�/Engineering Computing, Aademy of Mathematis and SystemsSienes, Aademia Sinia, P.O. Box 2719, Beijing 100080, P.R. ChinaAbstratIn this paper, we will prove by the help of formal energies only that one animprove the order of any sympleti sheme by modifying the Hamiltonian symbolH , and show through examples that this ation exatly and diretly simpli�esFeng's way of onstrution of higher-order sympleti shemes by using higher-order terms of generating funtions.Key words: Hamiltonian system, Sympleti sheme, Revertible sheme, Generat-ing funtion, Formal energy. 1. IntrodutionFirst of all, let's reall the de�nitions of sympleti shemes, revertible shemes,and Feng's way of onstrution of sympleti methods via generating funtions.As well-known, the phase ow fgt; t 2 Rg of any Hamiltonian systemdZdt = JrH(Z); Z 2 R2n (1)(where J = " 0n �InIn 0n #, H : R2n ! R1 is a smooth funtion, and r is the gradientoperator) is a one-parameter group of anonial (sympleti) di�eomorphisms, i.e., theJaobian of gt with respet to Z satis�es[�gt(Z)�Z ℄TJ [�gt(Z)�Z ℄ = J; (2)� Reeived September 16, 1997.1)This researh is supported by China State Major Key Projet for Basi Researhes, also by a grant(No. 19801034) from National Natural Siene Foundation of China and a grant (No. 1997-60) fromthe Bureau of Eduation, Chinese Aademy of Sienes.



562 Y.F. TANGfor any H and any t (see [1℄).Equation (2) is also alled sympleti ondition.De�nition 1. A di�erene sheme ompatible with (1) is said to be sympleti i�its step-transition operator G� : R2n ! R2n is sympleti, i.e.,��G� (Z)�Z �T J ��G� (Z)�Z � = J (3)for any Hamitonian H and any suÆiently small step-size � (see [2℄).One kind of most important sympleti shemes are the time-revertible (or simply,revertible) one.De�nition 2. A di�erene sheme ompatible with (1) is said to be revertible(or reversible or time-revertible or time-reversible) i� its step-transition operator G� :R2n ! R2n satis�es G�� ÆG� = id: (4)for any Hamitonian H and any suÆiently small step-size � (see [3-5℄).The following is the tehnique (due to Feng et al) of onstrution of sympletimethods via generating funtions (see [6℄).Suppose 4n� 4n matrix M = " A BC D # (where A, B, C, D are 2n� 2n matries)satis�es: MT " O �I2nI2n O #M = � " �J2n OO J2n #M (5)for some � 6= 0. The inverse of M is denoted by M�1 = " Av BvCv Dv #. If HamiltonianH(Z) depends analytially on Z, then the generating funtion �(w; t) is expressible asa onvergent power series in t for suÆiently small jtj, with the reursively determinedoeÆients: �(w; t) = +1Xk=0�(k)(w)tk;�(0)(w) = 12wTNw; N = (A+B)(C +D)�1;�(1)(w) = ��H(Ew); E = (C +D)�1; (6)for k � 1, �(k+1)(w) = � �k+1Pkm=1 1m! P2ni1;���;im=1P j1 + � � � + jm = kjl � 1Hzi1 ���zim (Ew) hAvr�(j1)ii1 � � � hAvr�(jm)iim : (7)


