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Abstract

The convergences ununiformly and uniformly are established for the noncon-
forming finite element methods for the second order elliptic problem with the lowest
regularity, i.e., in the case that the solution u € HE(f2) only.
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1. Introduction

The aim of this note is to establish the convergence of the nonconforming finite
element methods for the second order elliptic problem with the lowest regularity. The
proof of the convergence is not trivial, although the convergence results for the con-
forming finite element methods were known ([2], [3]).

Consider the following boundary value problem on a polygonal domain  C R?:

{ Au=37 | ~0;(a;(z)0u)=f in

(1.1)
u=~0 on Of.

We assume that the coefficients a;;(x) € L>°(€2) and the A is uniformly elliptic on €2,
i.e., there exists a constant « > 0 such that for all real vectors £ = (£1,&2) and all z € 2

2

> aij(@)&& > > & (1.2)

ij=1 i=1

The weak formulation of (1.1) is: Find u € H}(2) such that
a(u,v) = / a;j0judjvde :/ fode = f(v), ¥ ve Hy(9Q). (1.3)
Q Q

It is well known that for any given f € H '(£2), there exists an unique solution u €
H{ () of the problem (1.3), by the Lax-Milgram Lemma, and the conforming finite
element approximation uy, converges to u in H'(€2) space (c.f.[2]).
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We now consider the nonconforming finite element methods for the problem (1.3).
For each h € (0,1), let 7}, be a quasi-uniform triangulation of 2, and V}, be a noncon-
forming finite element space with respect to the triangulation 7. In this case it should
be noted that V, ¢ H'(2), and assume that f € L?(Q), while it can be assumed that
f € H () for the conforming finite element methods, since the functional f € H ()
is defined on the space H{(€2) only. And it is also noted that the solution u of the prob-
lem (1.3) is, in general, in H}(Q) space only, in tha case of that f € L?(Q), since that it
is not known in general whether u € H*(Q2) for some s > 1 even if f € C*°(12). Finally
it is assumed that the element of the nonconforming finite element space V}, passes the
generalized patch test, which is the necessary and sufficient condition, assuming the
approximation holding, for the convergence of nonconforming finite element methods
in the case of the solution u of the problem (1.3) smoother enough (c.f.[5]).

Then the nonconforming finite element approximation to (1.3) is: Find u, € Vj,
such that

ah(uh,vh) = Z /K aijaiuhajvhdx = /Qf -vpdx = f(?)h) Y vy € V. (1.4)
K

2. Convergence

Theorem 2.1. Assume that the solution of the problem (1.3) u € H}(Q), f €
L2(2), the triangulation Ty, of the polygonal Q is quasi-uniform and satisfies the inverse
hypothesis (c.f.[2]), and the nonconforming finite element space Vi, ¢ H{}(Q) possessing

the following property, for any given ¢ € Cg°, there exists C' = Const. > 0 independent
of h, such that

> [ 0up-wnds| < Chllaq - fuwnll ¥ wn € Vi, (2.1)
K

where K € Ty is the element with the edge 0K, 0, denotes the conormal derivative
operator associated with the operator A in (1.1) on 0K, and

lwnlln = {3 lwnl i }2. (2.2)
K

Then the solution of the problem (1.4) uj converges to the solution of the problem
(1.3) w in the space H'(2) as h — 0. Precisely, for any given € > 0, there exists
ho = ho(€,u, f) > 0, such that

lu —upllp <€, as 0<h < hy. (2.3)

Proof. (i) By the second Strang Lemma (c.f.[4])

i Ep(u,wy,
lu—unln < { inf flu—onlp+ sup M}
vp€Vh whEV, HwhHh



