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Abstract

This paper describes practical approaches on how to construct bounding pyra-
mids and bounding cones for triangular Bézier surfaces. Examples are provided
to illustrate the process of construction and comparison is made between various
surface bounding volumes. Furthermore, as a starting point for the construction,
we provide a way to compute hodographs of triangular Bézier surfaces and improve
the algorithm for computing the bounding cone of a set of vectors.
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1. Introduction

A bounding pyramid/cone of a rational Bézier surface patch is a pyramid/cone which
has the property that if its vertex is translated to any point on the Bézier patch, the
patch will lie completely outside the pyramid/cone. These kinds of pyramids/cones
are useful tools in detecting closed loops in surface/surface intersections[2, 3] and de-
termining directions for which a surface is single valued[5]. While methods of find-
ing bounding pyramids and bounding cones for rectangular Bézier surfaces are widely
addressed[2, 3, 4, 5, 7], no analogous results have ever been obtained for triangular
surface patches. The purpose of this paper is to discuss the problem of computing
bounding pyramids and bounding cones for triangular Bézier surfaces. Although the
construction process presented in this paper shares some similarities with that for rect-
angular Bézier surfaces, it is still very valuable to fully describe the detailed process of
the constructions due to the specialties of triangular Bézier surfaces.

The organization of this paper is as follows. We first provide an algorithm to
compute the hodograph of a triangular Bézier surface and derive an upper bound for
any partial derivative direction of the Bézier surface in Section 2. Then in Section
3, we present methods to compute bounding pyramid/cone of a set of vectors which
are used to obtain the tangent bounding pyramids/cones of a Bézier surface in the
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next section. Section 4 describes different approaches to construct surface bounding
pyramids/cones based on the tangent bounding pyramids/cones, and comparison is
made between these different bounding volumes. Finally in Section 5, an example is
illustrated to demonstrate the whole construction process.

2. Hodographs of Triangular Bézier Surfaces

A triangular rational Bézier surfaces in homogeneous form is defined by

B(P) := B(u,v,w) := (X(u,v,w),Y (u,v,w), Z(u,v,w), W(u,v,w))
= Z PijkBlnjk(u,v,w) (1)
i+j+k=n

where Py = (Xijk, Yijk, Zijk, Wijk) are homogenous control points, and Bg‘jk(u,v,w)
are Bernstein bases with (u,v,w) being the barycentric coordinates of points P with
respect to triangle domain T =AT;TyTs.

A direction in the domain plane can be expressed using barycentric coordinates
H
as o = («a1,a9,a3) with g + ag + a3 = 0. For example, T1Ty= (—1,1,0) and
H
TyT3=(0,—1,1).

In this section a single character in bold typeface signifies a homogenous point,
while one with tilde denotes the corresponding Cartesian point or vector. For any two
points P; = (X,;,Y;, Z;, W;),i = 1,2, we define|[6]

Dir(P1,Py) = (W1 Xy — WXy, WY, — WoY,, W1 Zy — WoZ) (2)
‘Dir’ function indicates the direction of the Cartesian vector between two points, since
DiT(Pl, P2) == W1W2(f)1 - f’g) (3)

2.1 Derivative Directions of Triangular Rational Bézier Surfaces

Let @ = (ai1,a9,a3) be any direction in domain plane. The derivative of B(P)
along direction « is

OB(P) >

=n
o i+j+k=n—1

(Pig1jk + @Pijiik + asPijri) B (w,0,w).  (4)

In Cartesian coordinates,

2 yp) _ DirBP). £B(P)
W(u,v,w)

oa

Thus the scaled hodograph Dir(B(P), %B(P)) gives the direction of %B(P).



