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Abstract

In this paper, we estimate the error of the linear finite slement solutions of the obetacle problem
and the wunilateral problem with monotons operator. We obtained O(R) error bound for the
obstacle problem and O(hR%4) error bound for the unilateral problem. And if the solution u* of the
unilateral problem possesses more smoothness, then O(h) error bound can be obtained in the same way

as [27.

1. Introduction

In Brezzi, Hager and Raviart™, the error estimates for the linear finite element
solutions of the obstacle problem and the unilateral problem with linear ¥ —elliptio
operator have been obtained. Their results are the following: O(h) error bounds for
both the obstacle and unilateral problems with linear finite elements. Now in this
paper, we obtained the same result for the obstacle problem with nonlinear monotone
operator. For the unilateral problem with nonlinear monotone operator, we obtained
O(%**) error bound justas [5], and if the solution u* of the unilateral problem
possesses more smoothness, then O(A) error bound holds in the same way as [2].

Let £ denote a bounded convex open subset of R?, 92 denote the boundary of
Q. Let H™(Q) be the usnal Sobolev space ™ consisting of real value functions defined
on {2 with derivatives through order m in L?(Q); the norm on H™(Q) is denoted by
| * im0 LotV be a Hilbert space with norm |+ and ¥’ be the dual of ¥ with norm
|, the pairing between ¥ and ¥’ be denoted by (-, ).

Let T be a (generally nonlinear) mapping

2y P
which possesses the two following properties(e. f. [3]):

(1) The mapping 7 is uniformly monotone, i. ., there exists a positive constant
a>-0, such that

Pu—Tv, u—vd>>a|u—2v|?, Yu, v€V, (1.1)
(ii) The mapping 7' is Lipschiiz—continuous for bounded arguments in the sense
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that, for any ball B(0; r)={oEV:|v|<r}, there oxists a congtant I'(r) such that
|Tu—Tol <I (r)-lu—2], V¥, v€ B(0; 7). (1.2)
We stato a well known result of interpolation [3, p. 194]. Let v &€ H** (&%), vl
be the piecewise linear interpolation of-v on Q* and 2" be a regular triangulation™,

then

(1.8)

[o—'| m.nﬂ‘gah“i"'"lﬂlkﬂ.m for k=1, m=0, 1,
(1.8")

H‘”‘_”I“Lnf-gol‘l’li.m vv€ H{(Q),

where C is a constant independent of h and v,

9 ‘The Obstacle Problem

Let us iniroduce some other notations:
- ov dv

a(u, v) -jn [mi(u, Vu) oy +aq(u, Vu) = ao(u, Vu)v ]d@ deg, (2.1)

(f, oy=|, frodedas (2.2)

K — {v€ HY@Q) 0> 8. o.inQ, v]0=g}. (2.3)
(=0, 1, 2)anday=—oa(f), and
¢ 5

Tob us assume that (&, &1, &) €H' (R%),

3 a@mnalnl?, Il = 2 1, V6 n€F (2.4)
i [a(o, VoYlun| <T(0) lnl?, Vo€ H(@) [oluo<r, n€RC. (2:0)

Then there exists an operator T,
' T: H* (@)~ (H(Q))',

defined by
a(¥, ‘I?) =Ty, R : (2-6)
Weo can find that the mapping T defined above possesses tWO properties (i) and

(i1) in section 1.
Lot I denote an operator defined by

L= —Hi 2 a,(u, Vu) +ao(u, Vu), (2 .-7)

The obstacle problem is to find v’ € K, such
a(u’, v—uy={f, v—uD, voe K,
or we can write it in the another form: to find v* € K, such that
| (T, v—uy={f, v—uD, VvEK, (2.8)
If f€12(Q), Y& H2(Q), 918 the restriction to 282 of an H?() function and 9=
s on 802, then the existence and mnique of the solution of the problem (2 .8) are insured

by classical result™. _
£ the solution '€ H?*(Q), y&€H 2(Q), fEL(Q) and Ly € I? (Q), then the
[7]

following differential forms holds™,
{Lu'*—f}i}, (L* — f) (@ =) =0, > 2. e.inf?, (2.9)

'u'\sn=9.



