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COUPLING CANONICAL BOUNDARY ELEMENT
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PROBLEM OVER CRACKED DOMAIN’
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Abstract

Using the canonical boundary reduction, suggested by Feng Kang 0.9, coupled with the finite
eloment method, this paper gives the nnmerical solution of the harmonic boundary-value problem over
the domain with erack or concave angle. When the coupling is conforming, convergence and error
estimates are obtained. This coupling removes the limitation of the canomical boundary reduction to some
typical domains, and avoids the shortcoming of the classical finile element method, because of which
the accuracy is damaged seriously and the approximate solution does not reflect the behaviour of the
solution near the singularity. Numerical caleulations have verified those conclusions.

The author wishes to axpremhmmtmmarathankstohm adviser Prof. Feng Kang for all his

belp, advice and comments.

It is known that elliptic boundary-value problems can bs reduced fo integral
equations on the boundary in different ways. The canonical reduction, suggested by
Feng Kang in recent years ™+#, is a natural and direct reduction, which preserves
the essential cbaracteristios of the original problem. Unfortunately, it is only
applicable to some typical domains. The classical finite element method can be
applied to relatively arbifrary domains, but except cracked domains. Therefore it is
only natural to couple the canonical boundary element method with the finite

slement method.

1. The Method

In [8], a numerical method by canonical boundary reduction with error esti-
mates is given for solving two kinds of boundary-value problems of harmonic equa-
tion over sector with orack and concave angle. For the harmonic boundary-value
problem over general domain with crack and concave angle, we can couple the
canonical boundary element method with the finite element method as follows.

Let £ be a domain bounded by two sides 1"y and I'y of a concave angle a(wr<la<
2x) and a smooth curve I". When a= 2w, the domain contains a crack. Consider the

boundary—value problem |
{du=0, in Q, . ' D
ou=0 onl L, ot=1, on. I
where fE H "7(1’ ) satisfies the consistency mndlhon

[ faa=o.
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It is well-known, that problem (1) has a solution unique up fo a constant. Let
. D(u, ») F.jJVu'?wdp_ 5
Then problem (1) is equivalent to the va_ri;af’;tinnal problem /
~ ( Find ﬂEHi-(Q)/P._; suc.h ﬂmt .
{ D(u, v) =j ofds, weﬂl(n)

where P, ig all consiants. Uamg the Lax-—Mﬂg:am lemma, we can easily prove that

problem (2) has one and only one solution in H1(Q)/P,,
Now take the vertex of angle « as origin and place I'; on # axis. Then draw in 2

an aro I = {(R, 0) |ocecar dividing Q2 into £2; and £2;, where £ ig a sector. We have
([vuvodpm[[Vurvodps v,
5 T :

(2)

Ly
and | - |
B il s k. R, 0)d8,, 0<b-
Uy (§) = M.R- Ll( in® g_gr . - 0+ )“( 2§ )ayg’, <V <a,
200 2ol '

which is the canonical integral equation of I obtained in [3]. It containg a singular
kernel and can be defined in the sense of distributions. Then problem (1) is equiv-

alent to the variational problem |
{ Find w€ H*(8,)/Py such that

Dy(w, v)+Da(r'u, ¥'0)=| ofds, Vo€ H(Q)), -

where Dy(u, v)= ”‘U’w‘?w dp,

Ly

it o 1 ‘ s 1 | | 5
Da(uo, o) = 4’;2 ‘L(Einﬂ 0—0 m 0o Gl A0 )%(9’)%(6)6’9 do
20 20

+’ is the trace operator maping H(Q;) onto H 1}(I“') _
From the existence and nnigueness of the solution of the variational problem (2)

the following is immediate.
Proposition 1. The v&mtmnal problem (3) has one and only one solutmn in

H*(€,) /P,

Now divide aro ¥ into N, and subdivide @, into triangles such that its nodes on
I'" coincide with the dividing points of I, Let {L;(z, ¢)}¢¥* < H*(£2,)be basis func-
tions, for example, piecewise linear; then their restrictions: on I are approximately
piecewise linear on I"”. Let | '

Ni+Ny @
u=U(w, g)= 2, Udu(e, y),
where the subsoripis ¢=0, 1, N 1 norrespond to the nodes on I, We have

Ni+Ny
S Du(y, LOU,+ B Du(y' Ly, YL U= fLids, =0, 1, =, Nyt N,

§=0
or, for simplicity,

QU =b, . (4)



