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Abstract

This is the third part of the paper for the rotated Q; nonconforming element on quadri-
lateral meshes for general second order elliptic problems. Some optimal numerical formulas
are presented and analyzed. The novelty is that it includes a formula with only two sam-
pling points which excludes even a Q; unisolvent set. It is the optimal numerical integration
formula over a quadrilateral mesh with least sampling points up to now.
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1. Numerical Integration Formulas

Throughout this paper, we adopt the notations appeared in [4]. Moreover, for any bounded
domain D or its subdomain D1, we denote f , f dz or f , fdx by the integral mean for any
function f € LY(D) or f € L*(Dy).

We define the quadrature formulas on the reference square K = [—1,1] x [—1,1] as follows:

I
/K b dedn ~ S 6d(0),  be C(R),
i=1
where the weight @; > 0, the quadrature point Q; = (&,7;) € K:, i=1,---,I. Let Q =

Spa@{l, £,m,&2 —n?}, we assume that the quadrature is exact on @, hence it is also exact on
Py (K). The following four schemes will be considered:

Schemel : I =4, &; =1, {Qi}t, =(-1,-1),(1,-1),(1,1),(-1,1),
Scheme2: I =4, &; =1, {Q:}~, =(-1,0),(0,-1),(1,0),(0,1),
Scheme3 : I =3, & =4/3, {Q:}, =(-1,-1),(1,0),(0,1),

aji :4/37 {Qt}?:l = (17_1)7(_150)7(07 1)7

aji :4/37 {Qt}ﬁzl = (171)7(_170)5(07_1)7

w; = 4/3) {Ql}le = (_1) 1)7 (1)0)7 (0) _1)'
Schemed4 : [ =2, ; =2, {Q:Y2_, = (-1,-1),(1,1), or (1,-1),(—1,1).

In Figure 1, we only draw one case of Scheme 3 and Scheme 4, the other cases can be
obtained symmetrically.
Remark 1.1. Unlike the standard quadrature formula, the above four formulas are not
required to be exact either for the quadratic or for the bilinear polynomial space, but for the
finite element space itself only. In particular, the scheme 4 does not contain even a Q; (k )-
unisolvent set.
Remark 1.2. In fact, there are some other possibilities for obtaining a quadrature formula.
For example, in the scheme 1, if we denote the weights &; in the counterclockwise manner, then
the following choices are also possible:
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Figure 1

1. 0+ Wy + w3 +04 =4,

2. (111 :(2)3 and (:)2 :@4.

2. Analysis of Quadrature Formulas

The quadrature on an element K is given by

I
[ s = 3" 0uk0(Qur) = Q(6),
=1

where ¢(z) = (), wik = 0iJr(Q:), Qix = Fx(Q;). The quadrature error functional is
denoted by

I
Ex(p) = /I(ﬁb(ﬂf)dﬂf—zwi,ch(Qi,K),

A ~ ~ ! ~ N
Be@ = [ 6=2 0@,

where Ex(¢) = EK(QASJK). Now we apply the quadrature formula Qp to the finite element
equation (2.11) in [4]. Define

ap(u,v) = Z Ok (01100, + a12(0,udyv + Oyud,v) + a220,udyv + auv],
KeTs

and (f,v)n = X ge7, Qi (fv), we solve the following equation:
an(un,v) = (f,v)n Vv € Vou. (2.1)

From now on, we always assume that the Bi-Section Condition [7] holds.
Theorem 2.1. Suppose a;j,a € WH>°(Q), f € WhH(Q),q > 2, and u € H}(Q),up € Vo, are
the solution of (1.1) in [{] and (2.1), respectively, then

2
Ju—unln < Ch [ D7 (laijllieo + llalloo)lull + 1 fll1q

ij=1
This theorem is a direct consequence of following lemmas.

Lemma 2.1. The modified bilinear form ap(-,) with the quadrature Qr is Vi, -ellipticity, that
18

ah(vh,vh) > C””h”i Yy, € Vo,h- (2.2)



