Journal of Computational Mathematics, Vol.21, No.5, 2003, 681-688.

CURVATURE COMPUTATIONS OF 2-MANIFOLDS IN [RF *

Guo-liang Xu
(Academy of Mathematics and System Sciences, Chinese Academy of Sciences, Beijing 100080, China)

Chandrajit L. Bajaj
(Department of Computer Science, University of Texas, Austin, TX 78712)

Abstract

In this paper, we provide simple and explicit formulas for computing Riemannian cur-
vatures, mean curvature vectors, principal curvatures and principal directions for a 2-
dimensional Riemannian manifold embedded in R* with k > 3.
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1. Introduction

The concepts of Riemannian curvatures, mean curvature vectors and principal curvatures
have been developed in the field of Riemannian Geometry. These concepts are respectively
generalizations of Gaussian curvatures, mean curvatures and principal curvatures for the clas-
sical surfaces in IR?. It is well known that these three types curvatures for classical surfaces are
extremely important notions in Computational Geometry, Computer Graphics, Image Process-
ing and Computer Added Geometric Design. Their counterparts for 2-dimensional Riemannian
manifold (abbreviated as 2-manifold) embedded in IRF are, as expected, equally important. In-
deed, we have found that these concepts play an important role in the fields of image processing
([5, 7, 1]) and function diffusion ([2, 3]). However, the general frame of Riemannian geometry
makes these curvatures difficult to calculate.

We provide simple and explicit formulas for computing Riemannian curvatures, mean cur-
vature vectors, principal curvatures and principal directions for a 2-manifold embedded in IR*
with £ > 3. These formulas are simple compared to those found in Riemannian geometry litera-
ture ([4, 6, 8]). Individuals with little knowledge of Riemannian geometry, but who are familiar
with vector computations in the Euclidean space, can easily understand and use them. Even
though the starting point of the derivation of these formulas involves the use of Riemannian
geometry, we have tried to minimize its use while keeping the derivation as precise as possible.

It may seem trivial for people working in the field of Riemannian geometry to derive these
curvature formulas for the 2-manifold, however we have not seen these formulas presented in a
simple and precise enough manner to fulfill our needs.

2. Curvature Formulas

The aim of this section is to provide readers with a quick reference for the curvature com-
putation formulas. The detail derivation of these formulas are given in the section that follows.
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Let M be a 2-dimensional Riemannian manifold in IR* with a Riemannian metric defined
by the scalar inner product. Let (£1,&2) be a local coordinate system of the 2-manifold M at
the point © € M. Then z € IR* can be expressed as

z=[r1(6,6), -, or(&r, &))" (2.1)

2
Let t; = g—g, tij = %@m&a g9ij = t{ tj, and

G = [ g1 912 ] . Q=1- [tl,tz]Gil[tl,tﬂT € RF*k,
g21 922
where
G-l = # [ 922 —012 } )
det(G) | =921 9
Then we have the following formulas:

Riemannian Curvature:

K(.T) — t{’th22 B t{2Qt12
det(Q)

The Riemannian curvature is a counterpart of the Gaussian curvature of the classical surface.

If k£ = 3, the Riemannian curvature coincides with the Gaussian curvature for surfaces.

(2.2)

Mean Curvature Vector:

Q(g2ati1 + gritas — 2g1t12)
2det(G)

The mean curvature vector is a vector in the normal space. If £ = 3, the mean curvature vector

is in the normal direction, and its length is the classical mean curvature of the surface.

H(z) = (2.3)

Principal Curvatures and Principal directions:

To obtain formulas for the principal curvatures and the principal directions, we first in-
troduce an auxiliary result: Let A = (a;;);;—; € IR*** be a symmetric matriz. Then the
eigenvalues of A are

a11 + azz £ /(a1 — ax)? + 4a?,

Ar = 5

(2.4)

and the corresponding eigenvectors are [cosf, sinf]T, where 01 are given (modulo ) by
1 2(112 ™
0, = —arctan———, 0_ =46 —. 2.5
+= 5 G1L — oy’ ++2 (2.5)

Now we give formulas for computing the principal curvatures and the principal directions.
Let h(z) = H(z)/||H (z)]],

A=ATKF,KTA 2 € R¥?, |uy,us) = [t1, 2] KTA ™7, (2.6)

where Fj, = — (t% h(m))?jzl, K € R?*2 and A € IR?*? are defined by
G=KT'AK, KTK =1, A=diag(\;,\2) (2.7)
and they can be computed by (2.4)—(2.5). Let A be expressed, by virtue of (2.4) and (2.5), as
A = P diag(ki, k) PT, with PTP=1. (2.8)

Then k; and ks, are the principal curvatures and v; and vs, defined by
[v1,v2] := [u1, us]P = [t1, 1] KTATE P, (2.9)

are the corresponding principal directions with respect to the direction vector h.
Again, the principal curvatures and the principal directions are the counterparts of the same
concepts for surfaces. If k = 3, they are the same.



