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Abstract

Least-squares mixed finite element methods are proposed and analyzed for the incom-
pressible magnetohydrodynamic equations, where the two vorticities are additionally in-
troduced as independent variables in order that the primal equations are transformed into
the first-order systems. We show that there hold the coerciveness and the optimal error
bound in appropriate norms for all variables under consideration, which can be approx-
imated by all kinds of continuous element. Consequently, the Babuska-Brezzi condition
(i.e. the inf-sup condition) and the indefiniteness are avoided which are essential features
of the classical mixed methods.
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1. Introduction

Many problems involve systems of partial differential equations in several variables, varia-
tional problems derived in a standard manner often correspond to saddle-point optimization
problem. It is now well understood that the finite element spaces approximating different
physical quantities can not be chosen independently and have to satisfy the inf-sup condition.

In recent years there has been significant interest in least-squares methods, considered
as an alternative to the saddle point formulations and circumventing the inf-sup condition.
Many studies have already be devoted to the least-squares method, for theoretical and nu-
merical results, let us just mention those by Z.Cai, T.Manteuffel and S.McCormick [4, 5, 6],
A I.Pehlivanov, G.F.Carey and R.D.Lazarov [15], Dan-Ping Yang [19, 20], B.N.Jiang [12,13] and
Huo-yuan Duan [9]. The stationary incompressible magnetohydrodynamics(MHD) we consider
here results from a coupling between the stationary incompressible Navier-Stokes equations and
the stationary Maxwell equations. It governs the behavior of an incompressible fluid carrying
an electrical current in presence of a magnetic field. We study the linear MHD equations (cf.
[10]) using the least-squares mixed finite element method.

The paper is organized as follows: In section 2, we introduce some notations, Hilbert spaces
and inequalities. Section 3 is concerned with the presentation of the equations and the derivation
of the least-squares formulation of the linear MHD equations and its coerciveness. In section
4, we give the finite element approximation and obtain the basic error bounds.
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2. The Preparations

First we recall some notations. Let @ C R3 is an open bounded domain with boundary
I' = 09, n is unit normal vector to I". We introduce the following Sobolev spaces

Q) = (v [ o <o),

L3Q) = {ge @) [ a0k
Q
H™(Q) = {9 eLl*Q), 0< |y <m}, (m>1),
HH(Q) = {veL*Q); Vue (L*Q)’, vr =0},
H(curl;Q) = {ue (L2(Q)’; curl u € (L3(Q))*},
H(diviQ) = {ue (L2(Q))’; divue L2(Q)},
Ho(curl; Q) = {ue€ H(cur;Q); uxnpp = 0},
)

Hy(div;Q) = {ue H(div;Q); u-np =0}

Two Green’s formulae of integration by parts (cf. [11]), two equalities and one inequality
are as follows:

(W, V¢) + (divu,¢) = <u-m, ¢>p YueHdiv;Q), VoeH(Q). (1)

(curl u,v) — (uq,curl v) = <uxn, v>pr VYucH(cur;Q), Vve (H Q) (2)
(a-Vuw) + S(divalu?) = 0 Yue (H}(Q) 3)
(b x curl Bju) = (uxb,curl B)Vb,uc (L?(Q))3 VB e H(curl,Q).(4)

laxbllf < CllallflPllf  ¥abe (L) (5)

Where (-, -) is the inner product in L?(Q2) or (L*(Q2))3.
Proposition 2.1 (cf. [2,11,14,18]). Assume that Q C R? is a simply-connected and bounded
domain with a Lipschitz continuous boundary I'. Then

[lullo < C{||curl u||o + ||div u|lo} V u € Ho(div; Q) N H(curl; Q). (6)

Proposition 2.2 (cf. [11,8]). Assume that Q C R? is a simply-connected and bounded
domain with CY! boundary T, or is a bounded and convex polyhedron. Then

;< C{||eurl ullo + ||div uljo} ¥ u € Ho(div;Q) N (H(2))3. (7)



