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Abstract
In this paper, we investigate the condition numbers for the generalized matrix inversion
and the rank deficient linear least squares problem: minx kAx − bk2 , where A is an m-by-n
(m ≥ n) rank deficient matrix. We first derive an explicit expression for the condition
number in the weighted Frobenius norm k [AT, βb] kF of the data A and b, where T is a
positive diagonal matrix and β is a positive scalar. We then discuss the sensitivity of the
standard 2-norm condition numbers for the generalized matrix inversion and rank deficient
least squares and establish relations between the condition numbers and their condition
numbers called level-2 condition numbers.
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1. Introduction
In this paper, we consider a condition number for the linear least squares (LLS) problem
[8-11]
min kAx − bk2 ,
x

m×n

where A ∈ R
(m ≥ n) is a rank deficient matrix. The condition number for the LLS
problem with full rank is well studied, see, e.g., [3]. In the standard 2-norm analysis, the
condition number is defined as


k(A + E)† (b + f ) − A† bk2
cond(A, b) = lim sup
, kEk2 ≤ ǫkAk2 , kf k2 ≤ ǫkbk2 ,
ǫ kA† bk2
ǫ→0+
where A† is the Moore-Penrose inverse of A defined as the unique matrix X satisfying
AXA = A,

XAX = X,

(AX)T = AX,

and (XA)T = XA,

where AT is the transpose of A [7].
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The condition number discussed in this section is based on a general theory of condition
introduced by Rice [6]. In the context of the LLS, the problem is viewed as a mapping from
a pair (A, b) to the LLS solution xLS = A† b. The norm of a pair (A, b) in the domain of the
mapping is defined by the weighted Frobenius norm:
k[AT βb]kF ,

(1.1)

where T is positive and diagonal and β > 0. The weights T and β provide flexibility. Later,
we will show that a large diagonal of T allows perturbation on b only and a large β allows
perturbation on A only. The norm of a solution x in the image of the mapping is chosen as the
Euclidean norm kxk2 .
In Rice’s theory of condition, an absolute δ-condition is first defined by:
µδ = inf{σ | k[ET βf ]kF ≤ δ ⇒ k(A + E)† (b + f ) − A† bk2 ≤ σδ}.

(1.2)

This definition says the image of a δ-neighborhood of a pair (A, b) is contained in a σδneighborhood of the solution A† b. So, σ is an upper bound for the magnification of the mapping and µδ is the least upper bound. Then, the asymptotic absolute condition number for the
weighted LLS problem in the norms chosen above is
µ = lim µδ .
δ→0

The relative condition number is defined by
ν=

k[AT βb]kF
µ.
kA† bk2

As explained above, similar to the standard condition number, the δ-condition in (1.2) measures
the enlargement of the mapping from (A, b) to A† b. What is different from the standard
condition number is that the weighted Frobenius norm is used in the domain space of pairs
(A, b).
Gratton [4] considered the case when T = αI (α > 0), and A is of full column rank and
gave the expression of condition number for LLS problem.
In this paper, we consider the case when A is rank deficient under the condition that the
perturbation E on A satisfies
range(E) ⊆ range(A)

and range(E T ) ⊆ range(AT ),

(1.3)

where range(E) denotes the column space of E.
The rest of the paper is organized as follows. The absolute and relative condition numbers
in the weighted Frobenius norm are given in Section 2. Then, in Section 3, we analyze the
sensitivity of the generalized matrix inversion condition number and the rank deficient LLS
condition number, called level-2 condition numbers introduced by Higham [5].

2. Condition Numbers
In this section, we present explicit expressions for the absolute and relative condition numbers for the rank deficient LLS problem in the weighted Frobenius norm described in the
previous section.

