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Abstract

In this paper we show the well-posedness and stability of the Maxwell scattering prob-
lem with the transparent boundary condition. The proof depends on the well-posedness of
the time-harmonic Maxwell scattering problem with complex wave numbers which is also
established.
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1. Introduction

We consider the electromagnetic scattering problem with the perfect conducting boundary
condition on the obstacle

OE

e5; ~VxH=J in [R3\D] x (0,T), (1.1)
H .

“aa_t +VxE=0 in[R¥D]x(0,7T), (1.2)

nxE=0 onTpx(0,T), (1.3)

Eli—o =Eo, H|—o = Ho. (1.4)

Here D C R? is a bounded domain with Lipschitz boundary I'p, E is the electric field, H is the
magnetic field, X = x/|x|, and n is the unit outer normal to I'p. The applied current J and the
initial conditions Eg, Hg are assumed to be supported in the circle Br = {z € R? : |z| < R}
for some R > 0. The electric permittivity € and magnetic permeability p are assumed to be
positive constants. We remark that the results in this paper can be easily extended to solve
scattering problems with other boundary conditions such as the impedance boundary condition
onI'p.

One of the fundamental problems in the efficient simulation of the wave propagation is the
reduction of the exterior problem which is defined in the unbounded domain to the problem
in the bounded domain. The transparent boundary condition plays an important role in the
construction of various approximate absorbing boundary conditions for the simulation of wave
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propagation, see the review papers Givoli [5], Tsynkov [11], Hagstrom [7] and the references
therein. The purpose of this paper is to study the transparent boundary condition for Maxwell
scattering problems.

For any s € C such that Re(s) > 0, we let E, = .Z(E) and H, = 2 (H) be respectively
the Laplace transform of E and H in time

EL(I,S):/ e S'E(x, t)dt, HL(I,S)Z/ e S'H(z, t)dt.
0 0

Since Z(E) = sE, — Eg and Z(0;H) = sH, — Hy, by taking the Laplace transform of (1.1)
and (1.2) we get
e(sE, —Eo) -V xH_ =J,  inR3\D, (1.5)
w(sH, —Ho) +VxE, =0 inR*\D, (1.6)

where J, = .Z(J). Because J, Eg, Hy are supported inside Bg = {z € R? : |z| < R}, we know
that E, satisfies the time-harmonic Maxwell equation outside Br

VxVxE-KE =0 inR3\D,

where the wave number k = i,/Efis so that Im (k) = \/Efis; > 0. Let G : HY/?(Div;TRr) —
H~'/2(Div;Tr) be the Dirichlet to Neumann operator

Ge(&xEL):%Xx(VxEL) \/L_EXX(VXE ).
By using (1.6) we have

Ge(XxEL)\/;XxHL on Ig. (1.7)

For x x B [r, = > 00 > amn UM (X) + bimpn V7' (X), we know that (cf., e.g., in Monk [9]
and also the discussion in Section 2)

noo_ (1)
Z 3 ik Rbynnhfd) (kR) L Gmnzn (KR).G,

(xxE,) 1 o
— = M (kR) ikRhSY (kR)

where U7', V' are the vector spherical harmonics, hsll)(z) is the spherical Hankel function of
the first order of order n, and zgl)(z) = h%l)(z) + zhg)l(z).

By taking the inverse Laplace transform of (1.7) we obtain the following transparent bound-
ary condition for the electromagnetic scattering problems

\/EAXH (ffloGeo.,i”)(fchhR) on I'g, (1.8)
where

(g_l 0G.0ZL)(x x E|ry,)

RN VEis Rl (\/_“SR)>*b Rt
ngl ; [ ( zg)(\/_usR) (8:1)

( )
_ lz—l < ( \/_,U/SR) ) " amn(R,t)
VERsR (i /s R)

VI, (L9)




