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A NUMERICAL ALGORITHM FOR AN INVERSE
- PROBLEM OF A PARTIAL DIFFERENTIAL
 EQUATION WITH MULTI-PARAMETER TO
- BE DETERMINED"
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77 T formulation of an inverse problem of a partial differential equation with multi-parameter to - -
. be determined is introduced. The numerical algorithm, pulse-spectruimn technique, isextemded to solve -
. this type of inverse problem. An example for remote sensing of the thermal conductivity and gpecifio
" peat of a nonhomaogeneous matetial is demonstrated. Numerical simulations are carried out to test the
feasibility and to stady the general eharacteristics of this techmique without real measurement data.
. Tt is found that the extended pulse-specirum technigue gives excellent resnits.
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1. Introduction

In this paper, we consider an inverse problem of determining the coefficients of
g partial differential operator with a known siructure in terms of s governing
equation, some initial conditions and boundary conditions, and some auxiliary
information. We call this type of inverse problem “operator identification”.
It originates from various kinds of problems of mathematical physics, for
example, heat transfer, structural dynamies, engineering synthesis, remote sensing,
geophysical prespecting, medical diagnostics and so on. - L s
" In section 2, the inverse problem of a partial differential equation with multi-
parameter 10 be determined is formulated and the pulse-speotrum teﬁhnique (PST)
is extended to solve this type of inverse problem. The PST was first introduced by
Tsien and Chen™ 1o solve an idealized one-dimensional velooity inversion problem
in fluid dynamios. It was further developed to handle the noigy, poorly distributed
and inadequately measured data by Chen and Tsien™, Lator it was used 10_solve a
one-dimensional inyerse problem in electro-magnetio wave propagation by Tsien
and Chen®®. In a different direction, the PST was modified o golve an. inverse
problem of a one-dimensional diffusion equation™. The basic idea of the PST is to
measure data in the time domain as farictiens which are Laplaoa .‘ifa.nsformabla, and
carry out numerically the gynthesis of the unknown. parameter in the complex
frequency domain by a speofal iterative algorithm.” "
" As an example, thé remote’ sensing’ of ‘the thermal conductivity and speoific
hest of ‘s nonhombjefieons ‘material’ 1s ‘demonbirated . -Nuimerical ‘simulations are
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teohnique withont real measurement data. It is found that the extended PST does
give excollent results for the inverse problem of mnlti—pa.ra.meter 0 be dete;r:ilined.
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2 F ormulatmn of the Inverse Problem and Numerlcal Algorlthm

00na1der the followmg d1ﬁ’erent1a1 equation deﬁned on the time-space domain
Iu(z, t)=p(#, 1), (=, EeaxT, (1)

where o= (2::1, T, , xy), 218 & p-dimengional domain, 82 is the boundary of £,
Te=[t]|0<1], ul, t) I8 8 sufficiently smooth function defined on &XT, which is

Laplace transformable with respeot 10 {ime variable #. Furthermore we Suppose that
the differential operator has the following form (siructure)

L= E [Ax(ox(2)0s) + Bu(o) Dyl | (2)

where A,, Oy and Dy are elementary linear operators (for example, differentiation,
integration, or their various combinations). 4, and Oy are operators of variable =
and D; is an opera.tor of variable #. The ooef Goient ox(z) is a piecewise smooth
flmctmn on £2; Bx(z) isa piecewise continuous function on 0.

The inverse problem of the differential Eq. (1), i. e. operator 1dent1ﬁﬂa.ti0n
can be described as follows: The governing equation will be in the form

: ILu(z, =gz, t), (& 5)€QXT (3)
with initial condition as |

e Bu(s, 0)=0, @€Q : ' (4
and boundary condltion a8 -
_ Bu(w, t)=f(z, £), »€dQ, 0<¢ - {5)
 and auxiliary boundary conditions as - | |
| Baw, t)=Ffi(e, t), o€IL, i=1,2, -, I ; (6)

where B, B and B; are initial-operator, boundary operator and anxiliary boundary
operator reﬂpeotwely In Eq. (6) I is the number of m:n::nlma,rjar bounda.ry oconditions,
n_nd 262, is & paxt of boundary a0.

The inverse problem i8 o determine the ooeﬁcients an(z), Bu(®) (b=1,2, -, m)
of the u:nknown nperator from k:nown opemtors A,,, Oy, Dy, B, B;, B and Eqs
(3)—(6) i

N umrwal .Algmthm The PST calls for the I.ﬂ.pla.oa transformation of (8),
(B) ;° (6) ‘So the problem is transformed from the’ tima doma.m 10 tha oomplex

freqnenoy dommn and ’ahe GOIIGBPOIldJILg pmblem is

ot e 2 [A,(m(mapx)w.(m)P(an(m e)-di(m DY
AR 58 ﬁf?t a)-F(m, s), mem L (8)
Inh}';v | T E‘U(mj ) Fi(ﬁ:qﬁ): %o ﬁgr?glﬁﬁﬁﬁl ,2; b ; ..... : A (9)

| Hhem P(8) 38 the polynomial ntﬁaqﬂenﬂrs and U{a,:8): Q(w, 8) Fla, 8) Fi(m 8),
Bl (e, 2,80d.-BU(w, s)-are.dapls sransformatipns of u(e, 1),.9(a,:1)y F(; 0),
| f;(a: t), Bu(w, t) and Bu(e, ) tespecﬁvely -

- Now, the Bynﬁheaia ig carried ond in tha (w, &) domain, ‘and the unk:nown




