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“ 1. Introduction
Lot H be a real Hilbert space with inner product (», «) and reduced norm h+1.
An operator A:H — H ig said to be strongly monotone with modulus a>0 if

(M_A‘y: m-——y)_}aﬂm—yl", vV, ?IEH.
Tt ig said 10 be monotone if the inequality above ig valid for «=0. Furthermore, it id

maximal monotone if it is monotone and its monotone proper extengion does nob

exist.
Let A be a strongly monotone operator as above, and b€ H a definite element.

The present artiole is devoted to a study of the operator equation
Az=b, (L.1)
which is often deduced from practical problems in the fleld of differential equation,

variational method and optimal ocontrol (of. [5], [6] and [7]1). The iteration
schemes we will use is

$n+1=mn+ﬁn(b "'A-mn); (1'2)

where {f,} is 2 parameter sequence of positive reals.

A special form of equation (1.1), #4-Bz=>5, where B is a monoione operator,
has been disoussed recently by several authors. Using the schemes (1.2), R. E. Bruck,
Jr.! proved its local convergence on the agsumption thai the equation is solvable;
W. G. Dotson, Jr.2' agsumed B 10 be nonexpansive; and You Zhao-yong™ relaxed B
into being Lipschitz continuous and then proved its global convergence. Ingtead of
(1.2), 0. Nevanlinna® applied the iteration

B 1=Tn+ bn (D — Ap4- Opmy) (1.3)

and, supposing that B is continucus and bounded and gatigfies a linear growth
condition respectively, proved the global convergence of (1.3). In his results, for a
continuous B, it is required that at each iteration step the paramelers i, and &, be
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chosen on an optimum condition which is concerned with the operator itself, and,
for a bounded B, use of a so called reinitalization processes demanded,

However, in practice, the local convergence and the dependenoe of the choice of
the parameter f¢, upon the operator itself constantly cause inconvenience, and in
many practioal problems such as the nonlinear elliptio boundary value problem to be
studied in section 8, neither the_s Lipschitz continuity nor the boundedness, nor even
the general continuity, can be guaranteed for the operator. Therefore, we will try
here t0 weaken the assumpiion of continuity, boundedness and linear growth
condition on 4 (for equation (1.1)), and on this basis establish ihe global con-
vergenoe of (1.2) with the choice of the parameter being independent of the operator.
As an application, we will also try t0 provide a convenieni and efficient iteration

method for finite element approximate solution of the elliptic boundary value
problem (1.8). -

2. Global Convergence Theorems

We first introduce the following definitions:

Deﬂnitio;l 1. Let g: H—[0, oo) be a funciional which maps any bounded closed
conves set o H into a bounded set in [0, co). An operator A: H—>H is said to be upper
controlled by the functional g if

|4z <g(a)
18 valid for every 2 € H.
Definition 2. ZLet ¢:[0, oo)—> [0, o) be a continuous real Junetion with the
properiy p(0) =0. An operator A: H—> H is said io have the conténuity of the wpper
conirolled function @ provided '

q | dz— Ay| <p(|o—y|)
¢8 valid for every z, yC H.

From the definitions above, an operator having the continuity of an upper
oontrolled funoction ¢ ig also upper controlled by the functional g(z) =@(|le—a°| +
| 44°() where 4° ig arbitrary in H. For an operator A that satisfies regpeotively the
boundedness condition (i.e., 4 maps bounded gets into bounded sets), and linear
growih condition [ Az|<e(1+ Jz|) (one of the assumptions of [4]), there naturally
exigt funotionals g(z) = | Az| and g(&) —=e(1+[z|) such that 4 is upper controlled
by g. Also, an operator satisfying the Lipsohitz condition | Az— Ay | <Llz—y| (the
assumption in [3]) has the continuity of the upper controlled function @(¢) = I¢, and
an operator which is upper controlled by a functional g may be discontinuous.

Set
R(z) =1/a(|b—Ax}), (2.1)
Uz, 8) ={y€ H||y|<(B(z)+8)¥%, (2.2)
M (z) =sup{g(¥) | |y]| < (R(z) +8) 2+ R(0)}, (2:8)

where € H is arbitrary and 8 ig a positive real number.

Theorem 1. Suppose that the strongly monotone operator A i3 upper controlled by
¢ functional g and egquation (1.1) is solvable. For any initial value wvo & H, choovse &
sequence of positive reals {t,} satisfying



