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Abstract

In this work, we focus on designing efficient numerical schemes to approximate a ther-
modynamically consistent Navier-Stokes/Cahn-Hilliard problem given in [3] modeling the
mixture of two incompressible fluids with different densities. The model is based on a
diffuse-interface phase-field approach that is able to describe topological transitions like
droplet coalescense or droplet break-up in a natural way. We present a splitting scheme,
decoupling computations of the Navier-Stokes part from the Cahn-Hilliard one, which is
unconditionally energy-stable up to the choice of the potential approximation. Some nu-
merical experiments are carried out to validate the correctness and the accuracy of the
scheme, and to study the sensitivity of the scheme with respect to different physical pa-
rameters.

Mathematics subject classification: 35Q35, 65M60, 76D05, 76D45, 76 T10.
Key words: Two-phase flow, Diffuse-interface phase-field, Cahn-Hilliard, Navier-Stokes,
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1. Introduction

The evolution in time of the interface of two or more immiscible fluids arise naturally in
hydrodynamics and materials science for modeling many current scientific, engineering, and
industrial applications.

In recent times, the diffuse-interface approach has been used to describe the dynamic of
the interfaces by layers of small thickness. One fundamental advantage of these models is that
they are able to describe topological transitions like droplet coalescense or droplet break-up in
a natural way.

The diffuse-interface theory was originally developed as methodology for modeling and ap-
proximating solid-liquid phase transitions. This idea can be traced to van der Waals [25], and
is the foundation for the phase-field theory for phase transition and critical phenomena. Thus,
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the structure of the interface is determined by molecular forces; the tendencies for mixing and
de-mixing are balanced through a non-local mixing energy.

Hohenberg and Halperin presented in [19] the so-called Model H, in order to model two
incompressible, viscous Newtonian fluids with the same density. In [18], Gurtin et al. arrived
at the same model by using the rational continuum mechanics framework and showed that
it satisfies the second law of thermodynamics, leading in both cases to the so-called Navier-
Stokes/Cahn-Hilliard system (NSCH).

There are many works devoted to study numerical schemes to approximate NSCH model
that in the most of cases consists on coupling schemes previously presented for Navier-Stokes
(see for instance [12]) and Cahn-Hilliard system [8-10]. In [22], the author study numerically
a NSCH model (for the case of three phases) presenting a splitting and unconditionally stable
scheme (satisfying a discrete energy law).

In the last years, many authors have been concerned in designing models to describe the
flow of two incompressible, viscous Newtonian fluids with different densities. Lowengrub and
Truskinovsky derived in [21] a thermodynamically consistent extension of the NSCH model
with different densities but in this case the velocity field is no longer divergence free, leading
to new difficulties to design fully discrete numerical schemes. Recently, Abels has discussed
in [1] about the existence of local in time strong solutions of the system derived in [21]. A new
related approach has been presented in [24] where mass and volume conservation is obtained for
binary fluids and some splitting numerical schemes are proposed, although no discrete energy
laws satisfied by the schemes are provided.

In [4], Boyer gives the complete derivation and a numerical approach of a model for the
study of incompressible two-fluids mixture with different densities and viscosities, although no
energy law of the system is presented.

There is also an increasing interest in more general models that are able to capture the
mixture of different complex fluids. We refer the reader to [26] for a general formulation using
the diffuse-interface method, to [7] for energy stable schemes for the Cahn-Hilliard-Brinkman
equation and to [6] for energy stable schemes for anisotropic Cahn-Hilliard systems.

On the other hand, Shen and Yang presented in [23] a model and numerical approximations
for two-phase incompressible flows with different densities and viscosities. In [27], Zhang and
Wang present a study of the influence of the mobility term in a model of two-phase incompress-
ible flows with different densities but no physical background of the derivation of the model
is presented or cited. Finally, Abels et al. derived in [3] a new thermodynamically consistent
model for incompressible two-phase flows with different densities while in [2] the existence of
weak solutions for this model is proved. For a recent review in multi-component mixtures using
phase field models we refer the reader to [20].

In this work, we present an unconditionally energy-stable and splitting scheme to approxi-
mate the model derived by Abels et al. in [3], showing its validity by several numerical simu-
lations. In fact, the scheme decouples computations of the Navier-Stokes part from the Cahn-
Hilliard one, and it is unconditionally energy-stable up to the choice of the potential approxi-
mation.

The rest of the paper is organized as follows. In Section 2, we detail the model considered
and its energy law. The splitting numerical scheme and its energy-stability are derived in
Section 3. In Section 4 we present some 2D and 3D numerical simulations and we state some
conclusions in Section 5. Finally, the well-posedness of the scheme is proved in an Appendix.
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2. The Model

Let Q@ € R? (d = 2,3) be a bounded domain, occupied by a mixture of two immiscible
and incompressible fluids with different (and constant) densities p;1 > p2 > 0. We denote
Q=0 x(0,+00).

Considering there is a mixing interface (of small thickness), the following NSCH model
satisfied in ) has been introduced by Abels et al. [3]:

pui+ ((pu+ 1) V)u =V - (2(6) Du) + Vp+ AeV - (Vo 2 V) =0,
V-u=0,
pt+V-(pu+J)=0, (2.1)

¢t +u-Vo—V-(m(¢)Vw) =0,

A+ 2f(6) = w.

Here u represents the mean velocity, p the pressure and p the density of the mixture, while
¢ is an order parameter (related to the difference of the volume fraction of each fluid) and w is
the so-called chemical potential. Moreover, n(¢$) > 0 is the viscosity of the mixture (depending
on the phase), A is a constant related to the surface energy density, e > 0 is a (small) parameter
related to the thickness of the interface between the two fluids and Du = %(Vu + Vu'). From
now on, we are going to consider the Ginzburg-Landau double well potential

1

F(o) = 1(¢* ~ 1)?

with minima in £1 (representing the pure phases) and

flo) = F'(¢) = (6* = 1)¢.

Moreover, m(¢) > 0 is the mobility function and

J= _P1 ;sz(¢)vw
is a relative mass flux related to the diffusion of the components. Since p; — ps > 0, this relative
flux moves from high to low concentration of the chemical potential w. This relative flux J
vanishes in the case of matched densities p = py = p1 = const.
Note that, taking into account ¢-equation (2.1)4, then p-equation (2.1)3 is equivalent to the

explicit relation
pL+p P1L—p
plo) = L2 L P2y

Indeed, from (2.2) p'(¢) = pais (a positive constant) and

= Pmed T PdifP- (2.2)

J = —paiym($)Vw = —p ()m(¢) Vi,

hence

ootV (pu+7) = 0(9) (61 + - Vo= V- (m(6)Vw)) = 0.
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On the other hand, since
AeV - (Vo @ Vo) = \eAgV ¢ + §V(|V¢|2)
—(rea0-27@) Vo v (5IV0P + 27 (0))

we can rewrite the problem (2.1) as follows:

p(0)ur + ((p(6)u = pasym(@)Vw) - V)u =V - (20(¢) Du) + Vi — wVe = 0,

V-u=0,
(2.3)
ot +u-Vo—V-(m(@)Vw) =0

B+ 2 7(9) =

where the density p(¢) is computed from (2.2) and the following modified potential appears:

- e A
p=p+ 7|V¢|2 + ZF(9).

For simplicity of notation we write in the following p instead of p.
The PDE system (2.3) is supplemented with the following initial and boundary conditions:

Uli=o = ug, Pli=0 = ¢o in £,

B 0¢ B ow B .
ulgo =0, %69_07 %BQ_O in (0,7).

Then, the mixed weak formulation of problem (2.3) can be defined as follows (see the energy
law (2.8) below): find (u,p, ¢, w) such that

w € L=(0,T; L*(Q)) N L(0,T; Hy(Q)),
(2.4)
¢ € L>(0,T; HY()), w e L*0,T; H'(Q)),

and, jointly to p(¢) given by (2.2), satisfying the following variational equations,
(p(@)w, ) + ([(p(6)u = paigm(@)Vw) - Vu, u)
+2(n(¢)Du,Du) _ (p,v : ﬁ) _ (ww, ﬁ) —0,
(V-up) =0, (2.5)
<¢t,w> + (u -V, w) + (m(¢)Vw,vw) —0,
3(v6,96) + 2 (£(6),6) — (w.6) =0

for each (@, p, w,d) € Hy(Q) x LE(Q) x H(Q) x H'(Q). Hereafter, we denote the inner-product

in L2() b()
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Note that, owing to regularity (2.4), this variational formulation has sense, in particular for
the time derivative terms in a dual space.
Taking into account the following relations

(595 = (51601.8) - (67.5),
(u-w,w) - (V-(¢u),w> - —(¢u,vw)

(in the second relation the incompressibility constraint V-« = 0 has been used) and redefining
again the pressure term as

ﬁzp_¢w7

we can rewrite (2.5) as (again we write p instead of p):
(p(@yur,a) + ([(p(6)u — paigm(@)Vw) - V]u, u)
+2(n(¢)Du,Dﬂ) - (p,v : a) + <¢Vw,ﬁ) —0,
(V-up) =0, (2.6)
<¢t, w> - (u é, vw) + (m(¢)Vw, vw) —0,
3e(v6,96) + 2 (£(6),6) — (w.6) =0

Taking @ = 1 as test function in (2.6)3, one deduces directly the conservation property (standard

for Cahn-Hilliard models):
d
— t,x)dx = 0. 2.
& [ ot —o (2.7

On the other hand, taking as test functions @ = u, p = p, w = w and ¢ = ¢; in (2.6), and
testing the p-equation (2.1)3 by |u|?/2, the following (dissipative) energy law holds:

& (oo Fiwep + 2r@) ) ot 2 [ n@lDulas+ [ m@)ToPas=0. (25)

In particular, this energy law implies the dissipative character of the free energy

B(w.9) = [ o) M+f/|w|2 > [ Feoya.

which is sum of the kinetic energy, the philic energy and the phobic one, respectively.

3. Numerical Schemes

Our aim is to design numerical schemes to approximate model (2.6) by Finite Elements in
space and Finite Differences in time, satisfying a discrete version of the energy law (2.8) (in
Definition 3.1 we introduce the concept of energy-stable schemes). Furthermore, we present a
linear splitting algorithm that decouples the computation of the fluid part from the phase-field
one maintaining the energy stability. For simplicity, we assume the uniform partition of the
time interval: t" = nk, with a fixed time step k > 0. Hereafter, we denote

5ta"+1 =
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Definition 3.1. A numerical scheme is energy-stable if it holds
§tE(u”+17¢”+1)+2/ n(¢")|Du"+1|2dx+/ m(¢™)| V" ?de <0, Vn.
Q Q

In particular, energy-stable schemes satisfy the energy decreasing in time property,
E(u"™, ¢") < B(u™, ¢"), VYn.

Remark 3.1. To define our scheme, a few remarks are in order:

1. In order to get the energy-stability of the scheme, it is necessary to maintain the energy
law (2.8) at discrete level.

2. Once this discrete energy law holds, it is important to maintain the positivity of p(¢),
n(¢) and m(¢), in order to deduce the dissipation of the scheme (as in the continuous
problem).

3. A scheme splitting the Cahn-Hilliard unknowns (¢, w) from the Navier-Stokes one (u, p)
is desirable to save computational cost.
3.1. Description of the scheme

Taking into account Remark 3.1, we have designed the following scheme:
Let (u™,p", ¢™ w"™) € V. x P x X x W C (H}(Q),L2(), H (), H'(R)) be known (in
practice, V', P, X, W will be a Finite Element spaces, related to a regular triangulation of ).

e Step 1: Compute the following truncation of ¢™:
-1 it ¢"(z) < -1,
[¢"] = ¢"(x) if ¢"(x) €[-1,1],
1 it  ¢"(x) > 1.

and the modified density

pll6") = 202+ P P21 = i+ paig [0 (3.1)

In the case of Finite-Element approximation, this truncation [¢"] can be taken by nodes.

e Step 2: Find (¢"T!, w™t!) € X x W such that, for each (¢,w) € X x W,

(W,@ _ (W] u*,vw) n (m([¢"])an+1,vw) —0 -
2e(V9n 1, Vo) + g(fk(ob"*l,qb"),é) = (w",9)
where .
u* =u" —k p ([[i”]]) V"t (3.3)

and fi(¢" 1, ¢") denotes any first-order approximation of f(¢(t,y1))-
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e Step 3: Find (u"*!,p"™!) € V x P such that, for each (u,p) € V x P,

(pwnw, W)} (unﬂmwﬂnk ) )

+C<p(¢n)un _ pdifm(¢n)vwn+l’un+1, ﬂ)

+(2n([¢"])Du"+1,Dﬁ> _ (p”“,v @) = —([¢"]Vw”+17ﬁ>,

(V _ un—i—l)ﬁ) —0,

where

c(u,v,w) = ((u . V)v,w) + %(V SU,U - w)
and p([¢p"*1]) is computed as in (3.1).

Remark 3.2. It suffices to take ¢ = 1 in (3.2) to deduce the discrete in time version of the

conservative property (2.7):
/ ¢"ldr = / o"dz.
Q Q

This equality is also valid when a Finite-Element spatial approximation is considered.

Remark 3.3. From (3.3), one has

,unJrl —um un+1 *

pl6") = + 6"V = p([8"]) (3.5)
hence (3.4) can be rewritten as
un+1 _ u* n+11) _ n
+c<p(¢)")u" — paiym(e™)Vu™, u L, ﬂ) 56

+(2n([¢"])Du"+17Da) _ (p”+17v : a) —0,

(V . u”‘“,p) =0.

This formulation will be appropriate to deduce energy-stability of the scheme. This idea has
been used in [22] for a triphasic NSCH problem.

Remark 3.4. Starting from (2.6);, we arrive at (3.4) by introducing the following residual
expression related to (2.6)s:

1

2 /Q (o168 1]) + div(p(6"u" = paigm(@™)Vur) Ju ! - da.

This idea has been used in [14,15] to define a stable approximation of the density-dependent
Navier-Stokes problem.
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3.2. Long-time stability of the scheme

Theorem 3.1. The splitting scheme (3.2)-(3.4) is energy-stable and satisfies the following dis-
crete energy law:

B (u" ") + [V 2n((¢) Dut[2s + [|[v/m([om]) Ve [

(3.7)
where the total energy is
ul? e A
pw.o) = [ (o) G-+ 5 1v0P + 2710))
Q £
the philic numerical dissipation is
n e n k s (U — U2t — w2
e e L (e e e e DL
and the phobic numerical dissipation (or source) is
n+1 >‘ n+1 n 5 n+1 )\5 n+1
NDphobic = - Jr(o ,9")0i 9 dx — P F(¢ )dz.
Q Q
Proof. Taking (w0, ¢) = (w™*!,6;¢" ") in (3.2), we obtain
A
—(u*[qb”],Vw”Jrl) + H /m([qb"])Vw”HHQLZ =+ E(St /Q F(¢n+1)da§
(3.8)
A A
+ 5 0V + k1Y s + Ny = 0.
Taking (@, p) = (u"1, p"*1) in (3.6), we obtain
1 n+12 _ *|2 n+l _ %2 1 n+11) _ n
7/p([¢n])|u [ —|u*]* + |u u*| da:+f/ p([¢" ")) — p([o ])|u"+1|2dx
2 Jq k 2 Jq k
+Hiv2n([em)Du |z, =0,
hence
e R (e i L (e
2k Ja 2k Jo 2 Jo k (3.9)
+Hv2n([¢"]) Du 2. = 0.
On the other hand, rewritten (3.3) as
u* —u"
p([6") 4 [T =0
and testing by u*,
1 N u*2_un2+un_u*2 N N
5/9p([¢ ])' il Ik | | dx + ([¢ |Vw +1,u*) =0. (3.10)

Finally, adding relations (3.8)-(3.10), the first term of (3.8) cancels with the last term of (3.10),
hence (3.7) holds. O
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Remark 3.5. Since the philic numerical dissipation N DZ,;;}M is positive, the linearity and the
unconditional energy-stability of scheme (3.2)-(3.4) will depend on the approximation consid-
ered fi(¢" 1 ¢") for the potential term f(¢(t,41), which gives the expression of the pho-
bic numerical dissipation/source N D;)L;_olbic' For a detailed study of different ways of defining

fr(¢"t1, ¢™) (and the related N Dg}j;lbi . to each case) for Allen-Cahn and Cahn-Hilliard models,

we refer the reader to [16,17] and the references therein.

Remark 3.6. Convergence results as k, h — 0 towards weak solutions of problem (2.3) remains
as an open problem. In fact, even assuming some type of convergence, it will arrive at a limit
system like (2.6) but with a truncated density. Since problem (2.6) has not a maximum principle
for the density yielding to —1 < p(t,z) < 1 a.e. (t,x) € Q, then it is not clear if systems (2.6)
with and without truncation for the density are equivalent problems.

4. Numerical Simulations

To show the effectiveness of the numerical scheme (3.2)-(3.4) in different situations, in this
section we present some numerical simulations that we have carried out using FreeFem-+
software [11].

In each case we show the time dynamic of the phase and the velocity. Moreover, at the end
of each experiment, the time dynamic of kinetic energy, mixing energy (sum of the philic and
phobic one) and the equilibrium criterium ||w™*! ||%2(Q) (which tends to zero in the equilibrium
states) are presented.

In all cases, we are introducing the gravity as an external force in the u-system (2.1)1, so we
can not expect a strictly decreasing energy property. In fact, a force term —p g is introduced
at the LHS of (2.1)1, where g = (0,¢g)! with ¢ > 0 being the (constant) gravity acceleration.
Notice that this term cannot be treated as a gradient term because the density p is variable.

We consider the following values for the parameters, while A, the initial data and the densities

Table 4.1: Parameters

€ h dt | n(¢) | m(¢)
1072 ] 1/90 | 1072 | 1 1

p1, p2 will be detailed in each case.
The potential approximation considered for the numerical simulations is the linear second
order in time approximation introduced in [16] (and also studied in [17]):

B ¢n+1 _’_¢n

: (4.1)

1 3 1
Fil@™1,6") = £(6") + 31 (@)™ = 6") = S (8P — (6"’
It is known that for a regular enough exact solution ¢(t), this approximation has second order
accuracy with respect to f(¢(t)) and it also introduces second order phobic numerical dissipation
(this fact is very important to assure that the scheme is not introducing two much dissipation
in the discrete energy law (3.7)):

||f(¢(tn+1)) - fk(¢(tn+1)7 ¢(tn))”L2(S2) = O(kg) and NDphobiC(¢(tn+1)7 ¢(tn)) = O(k2)-
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We choose the Mini Element Finite-Element approximation for the fluid part and P; Finite

Element approximation for each phase unknown, i.e.,

(V,P) ~ P, — bubble/Py, (X, W)~ P, x P\.

See Appendix for the well-posedness of the corresponding fully discrete scheme.

We present three types of numerical simulations:

1. A heavier bubble falling in a lighter medium in 2D.

As in [23], we consider the situation where a bubble with density p; initially inside a
medium with lower density ps confined in the square domain = [0,1] x [0,1]. In this
case, we see how the heavier bubble falls to the bottom of the domain. Firstly we consider
(p1, p2) = (100, 1) and secondly (p1, p2) = (1000,1).

In this case, the fluid with density ps is represented using red color (or clear color)
meanwhile blue color (or dark color) has been chosen to plot the p; case. We can observe
how the heavier fluid falls more quickly in the case of more difference between the densities.

. Rayleigh-Taylor instability in 2D.

Inspired in the simulations presented in [5,13] (and the references therein), we consider
as initial condition a heavier fluid on the top with density p; (and a lighter fluid on the
bottom with density p3) in the domain £ = [0, 1] x [0, 1] and we see how the lighter fluid
rises until it arrives at the equilibrium with the lighter fluid in the top (and the heavier
in the bottom). Firstly we consider (p1, p2) = (100, 1) and secondly (p1, p2) = (1000, 1).

In this case, the fluid with density p; is represented using red color (or clear color)
meanwhile blue color (or dark color) has been chosen to plot the ps case.

Furthermore, in both 2D simulations we also study the influence of the parameter A in
the system. In each simulation, every figure represent one instant of time with three
columns in order to show the differences of the behavior with respect to the choice of A.
In particular, the left column corresponds to A = 1072, the centre one to A = 1073 and
the right column represents the case of A = 10~*. We can observe how the rigidity of the
interface increases as A increases and how the conservation of volume is achieved in all
cases.

3D Numerical simulations.

In order to show the efficiency of the numerical scheme we extend the simulations pre-
sented in the previous subsections to the 3D case. We consider the domain 2 = [0, 1] x
[0,1] x [0,1] and we see how the heavier fluid falls until it arrives at the equilibrium with
the lighter fluid in the top (and the heavier in the bottom). In this case, we consider the
following values for the parameters

Table 4.2: Parameters

£ h dt | n(¢) | m() | pr | p2
1072 ] 1/30 | 1072 | 1 1 100 | 1
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4.1. First experiment: a heavier bubble falling in a lighter medium

In subsections 4.1.1 and 4.1.2 we see how the bubble falls until they broke and arrives to a
equilibrium state where the heavier fluid fills the bottom of the domain. In both cases, we can
observe the differences in the behaviors with respect to the choice of A\. Indeed, the lower the
value of parameter \ is, the higher the influence of the fluid in the system, as can be appreciated
in the evolution of the dynamics (Figs. 4.1 and 4.3) and in the energy plots in Figs. 4.2 and 4.4.
The equilibrium (|[w™!||;2(q)) tends to zero when the system is arriving to the equilibrium
solution (Figs. 4.2 and 4.4 ).

Fig. 4.1. Left A = 1072, centre A = 1072 and right A = 10™* (p1 = 100, p2 = 1). Time=0.01,0.3,0.5,1.0
and 10.0 .

4.1.1. A heavier bubble falling in a lighter medium. p; = 100,p, =1

The evolution of the energies (kinetic and mixing) and equilibrium are presented in Fig. 4.2.
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Fig. 4.2. Kinetic Energy, Mixing Energy and Equilibrium in [0, 10] .

4.1.2. A heavier bubble falling in a lighter medium. p; = 1000, p2 =1

The evolution of the energies (kinetic and mixing) and equilibrium are presented in Fig. 4.4.

4.2. Second experiment: Rayleigh-Taylor instability

In this experiment we present the evolution of two fluids with different densities when the
heavier fluid is on the top of the domain and the interface between them is a small perturbation
from a straight line. We see how the fluids evolves in time, considering two different density
ratios and with different choices of the parameter A. As in the previous experiment, it can be
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Fig. 4.3. Left A = 1072, centre A = 107% and right A = 107* (p; = 1000, p» = 1).
Time=0.01,0.3,0.5,1.0 and 10.0 .

observed the influence of the parameter A in the evolution of the dynamics (Figs. 4.5 and 4.7)
and in the energy plots in Figs. 4.6 and 4.8. Furthermore, in Figs. 4.6 and 4.8 it is shown
how the equilibrium ([lw"**||7, () tends to zero when the system is arriving to the equilibrium
solution is presented.

4.2.1. Rayleigh-Taylor instability. p; =100, p; =1

The evolution of the energies (kinetic and mixing) and equilibrium are presented in Fig. 4.6.
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Fig. 4.4. Kinetic Energy, Mixing Energy and Equilibrium in [0, 10] .

4.2.2. Rayleigh-Taylor instability. p; = 1000, ps=1

The evolution of the energies (kinetic and mixing) and equilibrium are presented in Fig. 4.8.

4.3. 3D Simulations

In Figs. 4.9 and 4.10 we show the extension of the previous simulations to the 3D case. We
observe how in both cases the heavier fluid falls until they arrive to a equilibrium state filling
the bottom of the domain. The results obtained in these subsections show the validity of these
kind of schemes to carry out 3D simulations.
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Fig. 45. Left A = 1072 centre A = 1072 and right A = 107* (p1 = 100, p2 = 1).
Time=0.01, 0.5, 1.0, 2.0, 3.0, 5.0, 8.0 and 10.0 .

4.3.1. A heavier bubble falling in a lighter medium. p; =100, ps =1, X =0.0005
4.3.2. Rayleigh-Taylor instability. p; =100, ps =1, A =0.01
5. Conclusions

We claim that the results presented in this paper contributes to confirm (from the numerical
point of view) the validity of the model proposed by Abels et al. in [3].

In this paper, we have presented a new numerical scheme to approximate a thermodynam-
ically consistent model recently introduced in the literature to represent the behavior of two
immiscible and incompressible fluids with different densities. The main advantage of this scheme
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Fig. 4.6. Kinetic Energy, Mixing Energy and Equilibrium in [0, 10] .

is that it splits the problem between fluid part and phase-field part in a linear way, reducing the
computational complexity of the scheme (compared with the fully coupled one). Furthermore,
we prove that this splitting scheme is energy-stable, i.e., it satisfies a discrete version of the
original energy law and it is also shown that the long-time stability of the scheme will depend
on the choice of the double-well (polynomical) potential approximation considered.

We report the result of several numerical simulations. From these results, we have observed
the efficiency in time of the proposed algorithm. The scheme allows us to compare different
situations under a reasonable computational cost, studying the influence of the choice of the
densities and the surface tension parameter and we have also been able to compute some 3D
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Fig. 4.7. Left A = 1072, centre A = 1073 and right A = 107* (p; = 1000, p» = 1).
Time=0.01, 0.5, 1.0, 2.0, 3.0, 5.0, 8.0 and 10.0 .

numerical experiments, to demonstrate the applicability of this scheme to more realistic physical
problems. Indeed, it is shown how this scheme capture rather well complicated dynamics like
the Rayleigh-Taylor instability.

A. Appendix: Well-posedness of the fully discrete scheme
In this appendix, we study the existence and uniqueness of the systems (3.2) and (3.4),

considering the finite element approximation in space used in the numerical simulations, that
is (Vip, Pp) ~ P — bubble/ Py and (X}, W) ~ P, x Py.
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Fig. 4.8. Kinetic Energy, Mixing Energy and Equilibrium in [0, 10] .

The study of problem (3.2) depends on the choice of the potential term. In particular, we
focus on the approximation (4.1) considered in the numerical simulations.

Lemma A.1. There exists an unique solution of (3.2) with the potential approximation (4.1),
under the constraint k < 8¢3/(Am([¢™])), where

T n =m n [¢n]2

Proof. Since (3.2) (taking (4.1)) is an algebraic square linear system, it suffices to prove

uniqueness. Indeed, let (¢7, wi*t) and (o5, wh™!

1 5 ) be two possible solutions and denoting
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Fig. 4.9. A heavier bubble falling in a lighter medium with A = 0.0005. Time= 0.01, 3.0, 6.0, 9.0, 14.0
and 25.0.

o= qS”H ot , we arrive at

and w = witt —wj Tt

%(WD) - ([¢"] u*(w),VzD) + (m([qs”])Vw,Vw) =0, Vwe W,

(A1)
3(96,98) + 2 (£676,6) = (.6), Ve X,
where .
wf(w) = w (Wt — ur(wyth) = —k ([EZ; ]])Vw
The first equation of (A.1) can be rewritten as
T/, N (o N i [¢"]?
E(d),w) + (m([qb ])Vw,Vw) =0, with m([¢"]) =m([¢"]) + k Sk (A.2)
Testing by @ = w and ¢ = %tb, we obtain
. A A 1o
[ aarpIval + Vol + 5 [ 1/eme o
hence, applying that f/'(¢") = 3(¢")? —
~ian A
| DIVl + Vol + 5o o [ o (A3)

In order to control the right hand-side term — / #?, we take w = —(b in (A.2) (which is
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Fig. 4.10. Rayleigh-Taylor instability with A = 0.01. Time= 0.01,5.0,10.0, 15.0, 18.0, 22.0, 28.0, 35.0
and 50.0.

possible because X}, = W},), arriving at

A 2 A =~ n _
ol I i/ﬂmw DV =0,
hence
ar [ <5 [ mleDvul+ 2 [ weriver
Using this bound in (A.3),

5 [ aepivur oo [ (5= 250 jwop + 2 [ semeer <o

Considering the constraint k& < 8¢3/(Am([¢"])), one has that V¢ = 0 and Vw = 0, hence ¢
and w are constant functions. Finally, since fQ ¢ = 0 we derive ¢ = 0, and combining this with
(A.1)2 we obtain w = 0. Therefore, the uniqueness (and existence) of solution of (3.2) (taking
the potential approximation given in (4.1)) is assured. O

Note that Lemma A.1 holds whenever the FE spaces (X}, W},) approximating (¢, w) satisfy
that X, C Wj,.

Lemma A.2. There exists an unique solution of system (3.4).
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Proof. Since again (3.4) is an algebraic square linear system, it suffices to prove uniqueness.

Indeed, let (u]™, pP*™) and (uf*,p5™h) be two possible solutions of (3.2), and denoting

w=ul"t —ul ™ and p = pPTt — pitt we arrive at

10 p([@" ) + p([9"])
3¢

5 7ﬁ> + C(P(¢")u" — paiym(¢™)Vuw™, u, ﬁ)

+(2n([¢”])Du,Dﬂ) - (p,v : a) —0, YaeV,, (A4)

(V-wp) =0, vpen.

Taking w = u and p = p, we obtain:

1 / p([6" 1) + p([¢"])
Q

k 2

’LL2 n U2:
ful +2/Qv7([¢> ) Duf? =0,

hence w = 0. Finally, from (A.4)q, (p, V~ﬂ) = 0 for each p € Py, hence p = 0 owing to the pair
of FE spaces (V'y, Py) ~ Pi-bubble/ P satisfais the stability inf-sup (or LBB) condition [12]:

pava)

3>0, |pllg2<pB sup ———i—
acvifey

, Vp € Py
Note that Lemma A.2 holds whenever the velocity-pressure FE spaces (V,, Py,) satisfy the
inf-sup condition.
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