Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.34, No.4, 2016, 365-384. doi:10.4208/jcm.1602-m4537

A NEW PSEUDOSPECTRAL METHOD ON QUADRILATERALS *

Benyu Guo

Shanghai Normal University, 200234, Shanghai, P.R. China

Scientific Computing Key Laboratory of Shanghai Universities

Division of Computational Science of E-institute of Shanghai Universities
Email: byguo@shnu.edu.cn
Hongli Jia
Department of Mathematics, Donghua University, 200065, Shanghai, P.R. China
Email: hjia@dhu.edu.cn

Abstract

In this paper, we investigate a new pseudospectral method for mixed boundary value
problems defined on quadrilaterals. We introduce a new Legendre-Gauss type interpolation
and establish the basic approximation results, which play important roles in pseudospectral
method for partial differential equations defined on quadrilaterals. We propose pseudospec-
tral method for two model problems and prove their spectral accuracy. Numerical results
demonstrate their high efficiency. The approximation results developed in this paper are
also applicable to other problems defined on complex domains.
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1. Introduction

The spectral method has gained increasing popularity in scientific computations, see [1-
10,19] and the references therein. The standard spectral method is available for periodic
problems and problems defined on rectangular domains. Some authors developed the spec-
tral method for triangles, quadrilaterals and polygons, see, e.g., [1,2,12,15,21]. In actual
computations, the pseudospectral method is more preferable oftentimes, with which we only
need to evaluate unknown functions at interpolation nodes and can deal with nonlinear terms
easily. Whereas, it is not an easy job for problems defined on quadrilaterals. The main diffi-
culty is how to design the proper basis functions, the interpolations and the related numerical
quadratures on quadrilaterals. For rectangular domains, it is natural to take the products of
weights of one-dimensional numerical quadratures as the weights of two-dimensional numerical
quadratures, so that the two-dimensional numerical quadratures also keep the exactness. But,
in the pseudospectral method for quadrilaterals, the basis functions are not polynomials gen-
erally, and so such exactness is no longer valid for them. Moreover, even if the exactness holds
for the basis functions, it might still fail for their derivatives, since the derivatives usually do
not belong to the same finite-dimensional sets as the basis functions themselves. Therefore, the
discrete inner products and numerical quadratures appearing in the pseudospectral schemes are
not equivalent to the corresponding continuous terms involved in the weak forms of considered
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problems. This fact often destroys the spectral accuracy. Recently, the authors [13] provid-
ed a pseudospectral method for quadrilaterals. But, it was successfully applied to numerical
solutions of parabolic equations on quadrilaterals.

In this paper, we investigate the pseudospectral method for mixed boundary value problems
defined on quadrilaterals. The next section is for preliminaries. In Sections 3 and 4, we
introduce the new orthogonal approximation and the new Legendre-Gauss type interpolation on
quadrilaterals respectively. We establish the basic approximation results, which play important
roles in the pseudospectral method for partial differential equations defined on quadrilaterals.
In Section 5, we provide pseudospectral schemes for two model problems with the convergence
analysis and some numerical results indicating their high accuracy. The final section is for
concluding remarks.

2. Preliminaries

Let 2 be a convex quadrilateral with the edges L;, the vertices Q; = (x;,y;), and the angles
0;, 1 < j <4, see Figure 1. We make the variable transformation:

T = ap + a1§ + azn + azén, y = bo + b1& + ban + b3én (2.1)
where
ap = g1 + w2+ 25+ 24), bo = 1(y1 +y2 +ys + ya),
ai :%(—331 + 29 + 23 — 24), b1 =i(—y1+y2+y3—y4), (2.2)
ay = j(—x1 — @2 + T3 + 24), by = 1(—y1 — Y2 + s + va), '
as :%(51”1*1’2+I3*I4)7 bSZ%(y1*y2+y3*y4).

Then  is changed to the reference square S = {(¢,n) | —1<&,n <1}

Fig. 2.1. Quadrilateral €.
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For simplicity, we denote by O¢x, etc.. The Jacobi matrix of transformation (2.1) is

Its Jacobian determinant is

ay + asn b1 + b3

=do+di&E+d 2.3
as + asé by + bs& 0+ b+ da (2:3)

where
do = a1b2 - agbh d1 = a1b3 — (lgbl, d2 = a3b2 — a2b3. (24)



