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Abstract

A decoupling method with different subdomain time steps for the non-stationary Navier-

Stokes/Darcy model is formulated and analyzed. The method has asynchronous time steps,

which adopt small time steps in the fluid region and large time steps in the porous region.

It saves relatively large amount of CPU time. Stability and convergence of the method

are proved. The numerical results are presented to illustrate the features of the proposed

method.
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1. Introduction

The model of fluid flow in porous media has been studied extensively in the literature.

Interest in the model is mostly due to the wide range of applications for example in hydrogeology,

soil contamination, and petroleum engineering. The behavior of fluid flow can be described

by different partial differential equations, such as the Navier-Stokes equations, or the Stokes

equations in the surface region, and Darcys law in the subsurface region [1-3]. Various coupling

methods for fluid flow in porous media are studied in [3-8]. The decoupling method for Stokes-

Darcy problem problem have been analyzed in [9-11].

Some coupled finite element methods have been studied for solving the non-stationary

Navier-Stokes/Darcy problems in [12-17]. At the same time, the advantages of the decou-

pling methods lead to the development of different decoupling methods for solving the Navier-

Stokes/Darcy model, such as the modified characteristics finite element method in [18] and the

domain decomposition method in [19].

In this work, a decoupling method with different subdomain time steps is used for the

non-stationary Navier-Stokes/Darcy problems. The method has been used for Stokes-Darcy

problems due to many appealing reasons as discussed in [11]. The method allows different time
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steps in the fluid and porous subregions. The fluid region may be associated with higher veloci-

ties, which require smaller time steps for accuracy compared to flow in porous media region. In

this method, the Navier-Stokes/Darcy equations are decoupled into two equations, one is the

Navier-Stokes equation, the other is the Darcy equation. Then the Navier-Stokes equation is

solved at small time steps and Darcy equation is solved at lager time steps. Comparing with the

decoupling methods presented in [18,19], the decoupling method with different subdomain time

steps have fewer extra computational and software overhead. The error analysis shows that our

method has optimal convergence order. In order to show the effectiveness of our method, some

numerical results are presented.

This paper is organized as follows: in next section, some functional setting and function

spaces are introduced; In section 3, we will give the decoupling method with different subdomain

time steps; In section 4, the stability of the solution is proved; In section 5, error estimates for

the solution of decoupling method with different subdomain time steps are derived; In section

6, a series of numerical experiments are given to illustrate the theoretical results, followed by

conclusions in the final section.

2. Functional Setting of Transient Navier-Stokes/Darcy Problems

Let Ω be a bounded domain in Rd(d = 2 or 3), decomposed into two subdomains Ωf and

Ωp with the Lipschitz conditions, where Ωf ∩ Ωp = ∅, Ωf ∪ Ωp = Ω, Ωf ∩ Ωp = Γ, Ωf and Ωp

both touch ∂Ω, see Fig. 2.1. The symbol C denotes a generic positive constant whose value

may change from place to place, T > 0 be a finite constant. The flow in Ωf is incompressible

and characterized by the non-stationary Navier-Stokes equations :





ut − ν∆u+ (u · ∇)u+∇p = f1 in Ωf × (0, T ],

∇ · u = 0 in Ωf × (0, T ],

u(x, 0) = u0 in Ωf ,

u = 0 on ∂Ωf \ Γ× (0, T ],

(2.1)

where u(x, t) represents the velocity of the fluid flow in Ωf , p(x, t) the kinematic pressure, f1
the external body force, and ν the kinematic viscosity.
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Fig. 2.1. The global domain Ω.


