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Abstract
In this paper, we use the weak Galerkin (WG) finite element method to solve the mixed
form linear elasticity problem. In the mixed form, we get the discrete of proximation of the
stress tensor and the displacement field. For the WG methods, we define the weak function
and the weak differential operator in an optimal polynomial approximation spaces. The
optimal error estimates are given and numerical results are presented to demonstrate the
efficiency and the accuracy of the weak Galerkin finite element method.
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1. Introduction
In this paper we shall present a weak Galerkin (WG) finite element method for solving the
linear elasticity problem in mixed form. Let Ω ⊂ Rd , (d = 2, 3) be an open, bounded, and
connected domain with Lipschitz continuous boundary Γ = ∂Ω. Let ΓD and ΓN be two disjoint
open subsets of Γ, such that |ΓD | 6= 0, |ΓN | 6= 0, and Γ = ΓD ∪ ΓN . We shall consider the
following problem: For a body force f and the initial data û and t̂, find a symmetric stress
tensor σ and a displacement u such that
Λ−1 σ = ε(u),

in Ω,

(1.1)

−∇ · σ = f ,

in Ω,

(1.2)

u = û,

on ΓD ,

(1.3)

σ · n = t̂,

on ΓN ,

(1.4)

where Λ is assumed to be bounded, symmetric, and positive definite. For linear, homogeneous,
and isotropic materials the relationship for the displacement field u, the linear strain tensor ε,
and the Cauchy stress tensor σ are given by
1
(∇u + ∇ut ),
2
σ = Λε = 2µε + λtr(ε)I,

ε(u) =

(1.5)
(1.6)

with the Lamé constants µ and λ defined as
λ=
*

Eν
,
(1 + ν)(1 − 2ν)

µ=

E
,
2(1 + ν)
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where ∇ut is the transpose for ∇u, E is the elasticity modulus, and ν is Poisson’s ratio. In the
linear elasticity problem, (1.2)-(1.4) are the balance equations with the boundary conditions.
Function t̂ is the surface force density and n is the unit outward normal vector to the boundary.
In this paper, we shall follow the usual notations of the Sobolev spaces and the corresponding
norms. For any open bounded domain D ⊂ Rd with Lipschitz continuous boundary, denote by
k · ks,D and | · |s,D the norm and the seminorm in the Sobolev space H s (D), s ≥ 0, respectively.
When s = 0, the Sobolev space H 0 (D) coincides with the Lebesque space L2 (D). Denote
by k · kD the norm in space L2 (D). The inner product in spaces L2 (D) and [L2 (D)]d are
both denoted by (·, ·)D . The inner product on the boundary ∂D is denoted by h·, ·i∂D . If
σ = (σi,j ), τ = (τi,j ) ∈ [L2 (D)]d×d , we define the inner product by
(σ, τ )D =

Z

σ : τ dx,

σ:τ =

D

d
X

σi,j τi,j .

i,j=1

1

For any f ∈ [L2 (Ω)]d , û ∈ [H 2 (ΓD )]d , and t̂ ∈ [L2 (ΓN )]d , there exists a unique solution
(σ, u) to the problem (1.1)-(1.4) satisfying (see. [3])


kσk0 + kuk1 ≤ C kf k−1 + |û| 12 ,ΓD + |t̂|− 12 ,ΓN ,

with symmetric matrix σ ∈ [L2 (Ω)]d×d and u ∈ [H 1 (Ω)]d . Under certain conditions, for the
symmetric matrix σ ∈ [H 1 (Ω)]d×d and u ∈ [H 2 (Ω)]d the following H 2 -regularity holds [8, 14]
kσk1 + kuk2 ≤ C(kf k + |û| 32 ,ΓD + |t̂| 21 ,ΓN ),

where C is a positive constant independent of the Lamé constant λ. Denote by S the set of
symmetric d × d tensors. Define
H(div; S) = {τ ∈ [L2 (Ω)]d×d : ∇ · τ ∈ [L2 (Ω)]d , τ t = τ }.
A weak formulation for (1.1)-(1.4) is given by: Find σ ∈ H(div; S) and u ∈ [L2 (Ω)]d satisfying
(Λ−1 σ, τ ) + (∇ · τ, u) − hτ n, uiΓN = hτ n, ûiΓD ,

∀τ ∈ H(div; S),

(∇ · σ, v) − hσn, viΓN = (−f , v) − hv, t̂iΓN ,

∀v ∈ [L2 (Ω)]d .

The above problem is well-posed [3].
In the mixed form, we could get the stress tensor σ directly. Otherwise, we need to drive
the derivative of the displacement u which might lead to a loss of the accuracy. Due to the
conservation law of angular momentum [13], the stress tensor is required to be symmetric.
The well-posed Galerkin schemes has been explored for several decades. Important early contribution is provided in [2, 20, 21], which imposed weakly symmetry for the stress by using
classical PEERS element and related approaches. A series of work is developed based on that,
see [1, 4–7]. Without using the weak symmetry of the stress, [11] reports a mixed method with
pseudostress-based approaches (e.g. [9, 10, 12]) for the elasticity problem. In the pseudostressbased approaches, a newly defined pseudostress variable is analyzed to show the properties of
the stress tensor. In this paper, we introduce the WG method to solve the mixed form elasticity
problem, which satisfies symmetry naturally.
The WG method [17,24–27] refers to a generalized finite element technique for solving partial
differential equation. In the method, the differential operators are approximated by weak forms

