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ON THE ERROR ESTIMATE FOR THE
ISOPARAMETRIC FINITE ELEMENT METHOD®

WarNg Lie-BHENG (X 2l ¥)
(G‘ampuﬁng_ Center, Academia Sinica, Deijing, China)

Abstract

In this paper, the isoparametric element of 2-degree Lagrange type for second order slliptie
P. D. E. with nonhomogeneous Dirichlet boundary value iz considered. We prove

la—upl1,0=0("?),
which is the same as lu—~upl1,0,—=0(R?), where £2 and £, in E? are the domain of the boundary value
problem and the isoparametric-triangulation domain respectively.

§ 1. Introduction

We congider the nonhomogeneous Dirichlet problem?

fi
{ nd ¥ €V, such that (1.1)
a(u, v)={f, v», YvEV, |
where £ is a2 hounded domain in R? with a sufficiently smooth boundary 2Q,
al; v)= é i (2) Bud o da, ' (1.2)
=] frode, ‘ (1.3)

0, CEWE=(Q), FEW>UQ)(¢>2), g is restriction of a function in H?*(Q),
B =congt. >0, such that

2 2
Iél yj (m) gig.'\'}ﬁ E g?: V;’U E Q: gi E ﬁ: 3= 1: 2.1 (1 '4)
and '
V={v€E H(Q): v=¢g on 682}, | (1.5)
=Hy(@). (1.6)

The notations above are introduced from [1].
In [2], [8], Ciarlet and Raviart studied isoparametric finite eclement

approximation of the problem(1.1), in 2—degree Lagrange type, or the so—called typa
(2), as follows:

Let (.9 3)a-0 be a family of regular isoparametric triangulations of type (2),
Fr: K—>E VYK €9, be the isoparametric mapping of type (2) (ef. Fig. 1),

Qw=_lres, K, in general Q.G Q. Let X, be the isoparametric finite element space of
type (2), and

Vi={2€ X;: v=g at the boundary nodes on 22}, 1.7
Vor= {2 € Xa: =0 at the boundary nodes on 8Q}. (1.8).
* Recoived July, 3, 1984.
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Then the approximation problem with numerical integration is the following:
{ find - Vﬁ,, such that

an (s, vs) =<f, tain, Vr € Von,

where a@,(us, ) and {f, w)s are formmulas of numerical integrations (of. [2],
[3]). As to the isoparametric finite element approximation without numerical
integrations, it is not available in practice.

(1.9)

Qiarlet and Ravjart have shown the error estimate |u—us|1,0,=0(%") on the
isoparametric trigngulation domain £,. In [4], in order to obtain the error estimate
% —ual1,0=0(A%) on the domain @, Li Li-kang reformed the isoparametric element
approximation, which is not of the standard isoparametric type as in {2], [8], and
in which it ig necessary to have an expresgion of the boundary 202 in o.

In this paper, the standard isoparametric element ig considered. Section 2
contains the extension of the isoparametric finite element solution ;. In section 3,
we prove the error estimate |u—usls,0=0(A%) on the domain @ for the extension of
%, ad in section 2.

§ 2. Extension of un

In order to estimate the error between the solutions u of (1.1) and u, of (1.9),
it is necessary to extend w, from @, onto QU Q;, since the solution wa of (1.9) is
defined on £, only. -

As well known, the estimation of |%—a|1,0, on the isoparametric triangulation
domain €2, is independent of the way the solution « of (1.1) is extended from £
onto @1 O, in the case % remains in H® space. However the cage is different for
the estimation of u—uy|s, 0 on the domain Q if the solution u, of (1.9) is extended
from 0, onto Q) ). Let us show some examples.

Ewample 1. Let 7 be the set of bﬂundary isoparametric triangles, and K’ be

a curve triangle of reflection of K €.7 7} with Gitq, i.0. K cnns.lsts of asei, Gzag and

i LT
&% 1aln, and K consists of ﬁgﬂi_, ﬁgﬁg and 119y (Gf Fl‘g 2) Let Q.:]Qhu ( U K f)

KEed,

>, and since the boundary o2 is sufficiently smooth, let u € H3({) be the
extengion of u. If the extension u, of u, is defined ag the interpolation u! of % on K,
then it is easy to estimate e —utsly,g=0{(A"). But it is not available, since the
solution % of (1.1) is unknown,




