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Abstract

We propose a deep learning based discontinuous Galerkin method (D2GM) to solve
hyperbolic equations with discontinuous solutions and random uncertainties. The main
computational challenges for such problems include discontinuities of the solutions and the
curse of dimensionality due to uncertainties. Deep learning techniques have been favored for
high-dimensional problems but face difficulties when the solution is not smooth, thus have
so far been mainly used for viscous hyperbolic system that admits only smooth solutions.
We alleviate this difficulty by setting up the loss function using discrete shock capturing
schemes—the discontinous Galerkin method as an example—since the solutions are smooth
in the discrete space. The convergence of D2GM is established via the Lax equivalence
theorem kind of argument. The high-dimensional random space is handled by the Monte-
Carlo method. Such a setup makes the D2GM approximate high-dimensional functions
over the random space with satisfactory accuracy at reasonable cost. The D2GM is found
numerically to be first-order and second-order accurate for (stochastic) linear conservation
law with smooth solutions using piecewise constant and piecewise linear basis functions,
respectively. Numerous examples are given to verify the efficiency and the robustness
of D2GM with the dimensionality of random variables up to 200 for (stochastic) linear
conservation law and (stochastic) Burgers’ equation.
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1. Introduction

Hyperbolic equations with discontinuous solutions in the physical space arise in problems
such as fluid mechanics, combustion, nonlinear acoustics, gas dynamics, and traffic flow [12,26].
One famous example is the compressible Euler equations in gas dynamics, which are the com-
pressible Navier-Stokes equations without viscosity and heat conductivity. The inviscid equa-
tions develop discontinuous solutions, aka shocks, even if one starts from smooth initial data.
Capturing shock waves has been an important subject in scientific computing and has been
very successful [19,26]. Meanwhile, in reality, one may need to consider many sources of uncer-
tainties that can arise in these models. They may be due to the incomplete knowledge of the
model, such as the empirical equations of state or constitutive relations, imprecise measurement
of physical parameters, and inaccurate measurement of boundary and initial data. Therefore, it
is highly desirable to develop computational methods that not only capture the singular profile
of solutions in the physical space but also take random uncertainties into account in the random
space for high-fidelity simulations, along the line of uncertainty quantification (UQ) [23].

Due to the high dimensionality of the problems under study, it is natural to use deep-
learning based approaches, which have been recently proposed for high-dimensional partial
differential equations; see [13-15,27-29, 31, 32, 35, 36] for examples and references therein. In
these methods, the basic idea is to use a deep neural network (DNN) as the trail function
to approximate the solution based on global optimization of a suitably chosen loss function.
Specifically, the parameters in the DNN are optimized to make the DNN approximation satisfy
the PDE and boundary /initial conditions as accurately as possible. Quite good approximate
solutions are obtained for problems with dimensionality about 100. In all these methods, the loss
function involves the (possibly higher-order) derivatives of the PDE solution, which prevents
their ability to solve problems with discontinuous solutions, such as the (inviscid) Burgers’
equation and the compressible Euler equations, and hence one usually solves viscous problems
in which the solutions are smooth [31].

For hyperbolic equations with discontinuous solutions in the physical space, the discontin-
uous Galerkin (DG) method has been very popular [7-10,25]. The flexibility of using discon-
tinuous basis functions makes the DG methods capable of solving equations with discontinuous
solutions, such as shock waves. There are many other shock capturing schemes [26] that can
also be used. Here DG is chosen just as one example. For problems with uncertainties, the
stochastic Galerkin (SG) method has been developed for PDEs with random coefficients [2,34],
such as stochastic conservation laws [1,24, 30], stochastic Hamilton-Jacobi equation [20] and
stochastic wave equation [18,33]. Compared with the Monte-Carlo (MC) method, the SG
method achieves the spectral accuracy given the sufficient regularity of the PDE solution in
the random space. Even though the SG methods are widely used for stochastic problems, their
computational complexity grows exponentially with respect to the dimensionality of the ran-
dom space. Therefore, when the dimensionality of the random space is large, the MC method
is preferred.

In this work, we propose a deep learning based discontinuous Galerkin method (D2GM) to
solve hyperbolic equations with discontinuous solutions and random uncertainties by combining
the advantages of the DG method and DNNs. A key idea here is that at the discrete level, the
DG method as an example here, the solution is smooth although its continuous counterpart is
not. Thus one can expect that DNN will train better than the ones using AutoGrad in PyTorch
or TensorFlow for time and/or spatial derivatives. We will give a convergence analysis for this
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DNN solution for the case of 1d upwind flux. The idea of taking advantage of the smoothing
effect of the discrete derivatives has been used previously for solving linear wave equations with
discontinuous uncertain coefficients [22]. In the high-dimensional random space we use the MC
method. The proposed method has the following properties:

e By using the DNN representation in both physical and random spaces, the D2GM can
approximate the PDE solution well in high dimensions.

¢ By using the weak formulation and discontinuous element basis, the D2GM is able to
approximate discontinuous PDE solutions with high accuracy.

¢ By using the mini-batch sampling with controllable number of samples, the D2GM over-
comes the curse of dimensionality.

The rest of paper is organized as follows. In Section 2, the D2GM is proposed with details
about the DNN, discontinuous element basis, loss function, boundary and initial conditions,
and stochastic gradient descent method. A convergence analysis of D2GM (in 1D and using
the upwind flux) is provided in Section 3. Numerical results with the dimensionality of random
variables up to 200 for (stochastic) linear conservation law and (stochastic) Burgers’ equation
are shown in Section 4. Conclusions are drawn in Section 5.

2. Deep Learning Based Discontinuous Galerkin Method

In this section, we describe the D2GM in details. First, we introduce the construction of
a DNN and build the discontinuous element space using the DNN. The associated loss function
based on the DG method is then proposed with the enforcement of boundary /initial conditions.
The stochastic gradient descent method is employed to find the optimal solution.

2.1. Deep neural network

A DNN contains a series of layers, and each layer has several neurons linked to pre- and
post- layer neurons. Neurons are connected with an affine transformation and a nonlinear
activation function. Such a DNN can be viewed as a nonlinear approximation of the target
function. Precisely, suppose that the DNN has L layers, i.e., an input layer, L — 1 hidden
layers, and an output layer. The input layer takes 2° = (t,x,w) as the input and the output
layer gives 2z = N(t,x,w) as the output, where t is the temporal variable, = is the spatial
variable, and w is the random variable. The relation between the I-th layer and the (I + 1)-st

layer (I =0,1,...,L — 1) is given by

2% = (t,xz,w) input,

2l =Wt 2 l), 1=0,1,...,L—1, 1<k<m, (2.1)

N(t,x,w) =wrTlzl output,

where m; is the number of neurons in the [—th layer (my = 1), o is the activation function.
Some popular ¢ includes the rectified linear unit (ReLU) function o(z) = max(x,0) and the
sigmoid function o(z) = 1/(1+ e %).

Let 6 = (61,---,0;) include all w! and b!, with J the total number of coefficients in (2.1),
which are to be obtained by minimizing the loss function, in order to match the DNN solution
N (t, z,w) with the target function u(t, z,w).
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Fig. 2.1. Illustration of the discontinuous element space.

2.2. Discontinuous element basis

For brevity, we use the unit interval [0, 1] for demonstration. Denote
0=$0<$%<$1<---<$N7%<$N=1, (2.2)

where Ty 1 is the middle point of the cell I; = [x;, 2;11]. We also denote Ax; = ;11 — x; and
h = max; Az;. For the uniform mesh, h = Ax; = %
The discontinuous element space is defined as

Vi ={v:o|, € P°(;), 0<i< N -1}, (2.3)
where P denotes the 0-th order polynomial (constant). We use a DNN to represent the element
in V,? as

uh,g(x) = N@(.TZ-JF%), if x; <z <wxiq, (2.4)
where 6 is the parameter set in the DNN to be optimized. This can also be expressed in a way

more like the Galerkin formulation

1, x <2 <miq1,

un,o(x) = z_: No(@ip1)pi(x),  ilz) = { (2.5)
=0

0, otherwise.

This procedure is illustrated in Fig. 2.1. This definition can be generalized to the space of
high-order piecewise polynomials

VE ={v:ol, € PX(I), 1<i< N -1}, (2.6)

and any element in the space can be represented by K + 1 DNNs ./\/g, 7=0,...,K, as

N-1

up,p() = Z Ny (zi14)¢] (), (2.7)

jZO 1=

where <pg (z) is the j-th order Legendre polynomial defined in I;.
In high dimensions, this definition of V}? can be easily generalized

1, xel;,
unp(x) = ) No(zip1)ei(x), wi(x) = (2.8)
; vHa T ‘ 0, otherwise,
where z = (z',22,--- ,2%) € R i = (iy,i2, -+ ,iq) is a multi-dimensional index vector,
Ii = [w} ol ) x [od,22 ) x - x [ad ), and ;.1 represents the center of /;. The

generalization of V}* to the high-dimensional case can be done in a similar manner.
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2.3. The DG method for hyperbolic conservation law

In this work, we consider the hyperbolic problem with random uncertainties of the following
form:

u(0, z, w) = up(x, w) (2.10)

defined for (¢, z,w) € [0,T] x D x Q. Here w is a high-dimensional random variable representing
uncertainties (or random inputs). The solution u = u(¢, 2, w) then depends on w.

First, we will discrete the equation on spatial space. The semi-discrete DG method for
solving (2.9) is defined as follows: Find the unique solution uy(t, z,w) € Vi¥ such that, for any
test function vy, € th and all 0 <7 < N, one has

 (unlt, 2,), vu(@), — (Flun(t, 2, 0)), Von @) ,
+ Fun(t, 2, w)) - nup(x))|or, =0, (2.11)

where n is the outward unit normal vector along 0I;. In 1D, one has

% (uh(t’x’w)’vh(x))[i - (f(uh(taxaw))av;z(x))]i + fi-‘rlvh('rijrl) - fivh(xj) =0,

where the one-sided limit is defined as

vE(

zj) =v(z

and the inner product is defined as

(alt.2.w). b)) = [ alt..w) - ba)da.

D

Here fi is a numerical flux, which is a single-valued function defined at the interface z; and
in general depends on the values of the numerical solution wuj from both sides of the interface.
There are several choices to choose the flux [5] and we use the upwind flux

fu™), if a>0,

fupwind/, — . + —
d (W™ u) {f@ﬁ), if a<0

for the linear case f(u) = au and Godunov flux

min  f(u), if w” <ut,

fGOd(u7 qu) _ u— <u<ut
’ max f(u), if wut <u®

ut <u<u—

for the nonlinear case in this work. In high dimensions,

flun(t,®,w)) in (f(un(t, @, w)), non())lar,

is replaced by the numerical flux on quadrature points.
The semi-discrete formulation (2.11) includes the temporal derivative, which needs to be
discretized. A simple idea is to use the AutoGrad in PyTorch or TensorFlow, which provides
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the temporal derivative automatically by back propagation. This kind of approach is widely used
in solving PDEs with spatial derivatives evolved in the loss function [15,32]. We also introduce
the temporal discretization with steps 0 =t9 < t; < --- <ty =T and t,41 —t, = At, and the
semi-discrete formulation (2.11) becomes

(Uh(thrl’ T, w) — un(tn, , w) : Uh(w)) ;

Al i
- (f(uh(tna Z, w))v Vvh(m))li
+ (f(uh(tv mvw))a nvh(m)”ah =0. (212)

In 1D, (2.12) reduces to

(Uh(tn-i-l’x’w) - “h(t"’x’w),vh(w))l

At :
- (f(uh(tnvwi))vvg(z))li
+ fi+1vh($i_+1) — fion(z) = 0. (2.13)

Consider the DG approximation
K N-1 3
un,o(t, z,w) ZZNQ tazz’-i- ) )‘Pi'(x)
i

Substituting this into (2.13), choosing vy (z) = ¢! (z), and using the orthogonality of the Leg-
endre polynomials, we have

N N} (tn+1,xi+%,w) —Ng(tn,xi+%,w)

Lijn

At
J
. (f (tnatn,2,), d“i;f)>,v
+ fongltan) - el =0. 21

The second term above can be further simplified when f is specified. For example, for linear
conservation law when f(u) = u,

d .
(f(uhﬁ(tnv'r?w)) 901 ) ZNG n?'ri-‘,-%aw)cljga .] :05"'7K5 (215>

I;

where O = (F(z), %)h, and for Burgers’ equation when f(u) = u?,

d / ;
(f(uh,e(tnvwi)) 901 ) ZZNI nazi-l,-%?w)'/\/'é (tTl?:Ci-i-%)w)C;JH
I, 1=0U=

where Cil, = ()l (2), d%(m)) Therefore, the loss function for the DNN is defined as the
residual error of (2.14) in the L? sense

= hAtZL”n : (2.16)

B,5,m
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and the DNN solution Ny is the solution that minimizes the loss function
meinﬁ(G). (2.17)

Note that in this model the random variable w is still continuous and no discretization is
applied in the random space. In numerical experiments, we apply the MC method for the
random variable.

2.4. Boundary and initial conditions
Given u(0, x,w) = ug(x,w), one can use
ug(t, @, w) = tNy(t, T, w) + h(z,w) (2.18)

to enforce the initial condition.

There are a couple of ways to enforce boundary conditions. The most straightforward way
is to add a penalty term into the loss function. For example, the penalty term for Dirichlet
boundary condition can be expressed as A||u — g||3,, with the penalty parameter A. Another
way is to build a DNN that satisfies the boundary condition exactly. For Dirichlet boundary
condition, such a DNN can be constructed as

ug(t, z,w) = L(x)Np(t, z,w) + Gz, w), (2.19)

where L(x) is a distance function that takes 0 on 9D and is strictly positive inside D, Ny (¢, x)
is the neural network, and G(x) is a smooth extension of g(x) and equals g(x) on 0D.

In the current work, we can enforce the exact boundary condition on the numerical solution,
ie., up = u(xg) and uy = u(xy). For periodic boundary condition, we have

Ugp = UN-1, uUuN = uq. (2.20)

This idea works for a grid-based method, and is applicable for all other kinds of boundary
conditions.

2.5. Stochastic gradient descent method

In the DG method, for the high dimensional case, the number of degrees of freedom (dofs)
scales like (1/h)? with d the dimensionality. Therefore, the classical method suffers from the
curse of dimensionality. To overcome this difficulty, we apply the idea of stochastic gradient
descend (SGD) method to evaluate the loss function (2.16) by selecting mesh points randomly
over the index set i, j, k in each iteration with a fixed number of points. For the random variable,
we also apply the MC method with a fixed number of points in the random space. Overall, the
proposed method overcomes the curse of dimenisonality by design.

Here we give a summary of our algorithm. First, a neural network in the form of (2.5) or
(2.7) is used to approximate the solution of the parameterized equation with boundary and
initial conditions (2.9). The optimal set of parameters € in the neural network is obtained by
minimizing the loss function (2.16). Note that the loss function (2.16) still depends on the
random variable w continuously. Therefore, in the SGD method, we generate N i.i.d. samples
{we} | and minimize

A
LSS B uen)

£ ig,m
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The optimal € is found after the minimization process converges. Afterwards, statistic properties
of the solution can be computed by sampling the random variable in the neural network solution
(2.5) or (2.7) with the Monte Carlo method.

3. Convergence

The convergence of the DNN solution can be established through standard Lax equivalence
theorem kind of augument: consistency and stability imply convergence. We first state some
preparation results which give consistency of the DNN approximation. The main reason that the
DNN approximation (2.1) works is because of the universal approzimation theorem, established
in [11,16].

To make the presentation simple and clear, we consider the deterministic (no w dependence)
Eq. (2.9) over [0,7] x [0,1] with periodic boundary condition and assume that f € C! and
/' >0, thus the upwind scheme on uniform mesh writes

ntl _pgn Uup) — fop
U’L U1+f(z) f( 171)20, izl,.--,I; n:07...,N_1,

At h
Uy =up, (3.1)
UZO = uo(aci).

In this section we will provide a proof of the convergence of the deep neural network approx-
imation, along the line of [21]. Consider a continuous function V' (¢, ) that satisfies Eq. (3.1)
exactly at grid points

V(t + Ata x) — V(t,l‘) + f(V(ta $)) — f(V(t,l‘ — h))

At h
V(t,0)=V(t1), (3:2)
V(0,2) = up(x).

Without loss of generality assume ug(z) € C'(D), with D = [0,1] (if not the case one can
interpolate through U? to get a C* function V (0, x)). For fixed At and h, clearly (3.2) implies
that V (t,,z) € C1(D) for all n > 0, since f € C'.

From the definition of V' clearly V (t",z;) = U for all n > 0,1 <i < I.

The loss function (2.16) is now

No(tn + Aty ) = No(twy@i) | fWNa(tn, @) = FWNalta, 2 — 1) |7\
+ .
At h
(3.3)
It is obvious that the definition of V' depends on the mesh size At and h. Therefore, for

a fixed mesh size, we can apply the universal approximation theory and find a Ny to approxi-

I N-1
L) = (hAtZ >

i=1 n=0

mate V. Below we adopt the universal approximation theory to our setting.

Theorem 3.1. Let o be any non-polynomial function in C*(R) and K = [0,T] x D a compact
set in R%. Then for any 6 > 0, there is a network (2.1) such that

||V *NGHWLOO(K) < 5
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The above result implies that Ay depends on the mesh size, and we need to change the
network as the mesh size reduces. The next theorem establishes the consistency of the DNN
approximation.

Theorem 3.2. Assume that the number of layers L = 2 and that the solution V to (3.2) belongs
to C1([0,T] x [0,1]), and the activation function o(z) € C? is non-polynomial. Then for any
§ > 0, there exists 0 and a sequence of the DNN solutions, denoted by Ny = N (t,z;6), such
that when the number of parameters is sufficiently large,

[£(0)] < C(T)6
for some positive constant C(T') that may depend on T.
Proof. By (3.2),
No(t+ At,z;0) — No(t,2;0)  f(Na(t,2;0)) — fF(Na(t,z — h;0)

Zn(z,0) = At + 5
et + At,x;0) = V(t+ At,x)]  [Np(t,z;0) — V(t,x)]
- At B At
n [f (Na(t, x; 9)2— fV ()] [fWNe(tz — b 9)2— fVtz—h)] (3.4)

Given any 9, by Theorem 3.1, we have
No(t+ At,z;0) — V(t+ At,z)|| <4,
HNQ(t,Z‘,@) - V(tvx)” < 55
IfWNo(t,2;0)) — fF(V(E, )] < [I£.ll6,
IfWNo(t,x —h;0)) = f(V(t,x = h)Il < [If.l0.

Therefore, Z,,(x,0) can be bounded by ¢ multiplied by a constant C' depending on At, h and
fi,ie,

(3.5)

1Zn (s O)lie < O (3.6)
Thus, by the Cauchy-Scharwtz inequality and the boundedness of D, the loss function in (3.3)
can be bounded by § multiplied by a constant that depends on |D| and T as

1

L) = (h ALY |In|2) < ChINAtS < CT$ (3.7)

since Th=1and nAt <T. O

The above theorem shows that one can find the parameter # such that the loss function
convergences to zero. This shows the consistency of the DNN approximation. In fact the
loss function £ can be viewed as the truncation error of the DNN approximation, which will
be made clear in the proof of Theorem 3.3. Note that Theorem 3.2 does not imply that N
converges to the solution of the original problem (2.9). Next we prove the convergence of the
DNN approximation, based on the stability argument.

Theorem 3.3. Let 05 be the sequence defined in Theorem 3.2, and let Ny be the solution to
(2.17) and V be the classical numerical solution to (3.2), then

[No(tn,:0.0) = VI < INo(0,+:0) — (0, )] + C(T)5 .
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Consequently,
[No(tn, xi;05) — US'|| < [[No(0,+50) —u(0,-)[| + C(T)d for 1<i<I, n>0.
Proof. Let
ENO) = No(tn, i;05) — U = Nop(tn, i;05) — V(" 2:) = NJ* = Vi".
Clearly, one has

g e FWNT) —fFNERY) f) — fly)
Al + h — n - In(xzae)
Let A = At/h. Thus
EMT = &1 + A [(F(up) = FINT)) = (F(ufy) = FINTY))] + AET (2, 6)
= E N[ ES + [ )EL L] + ALT, (w4, 0)

= (L= A MNE" + M (1) EL + Aty (x4, 0), (3-8)

where 77 is a point between N and uj. Now taking the I' norm on the above equality,
assuming

Asup, f'(n) <1,

and using the periodic boundary condition, one gets, for all n > 0,

I I I
1" e = 2 D IEFT <7 (A= M OEDIER + 7 DA () ER | + AL 0) |
i=1 i=1 i=1

I I
1 1
<2 ST AFOEIEN + 7 SN GIED | + AT 6)
i=1 i=1
=||E™||n + COAL. (3.9)
Consequently one has
1E™1ir < 1E° i + ConAt < ||EV|in + CTS (3.10)

for all n such that nAt < T. Now the convergence N' — V as J — oo is a consequence of
Theorem 3.2, as long as one trains the initial data £° well. O

Remark 3.4. It is straightforward to establish the convergence between the numerical solution
V' and the exact solution u(t, ) by combining classical numerical analysis of the DG method [8].
This, together with Theorem 3.3, leads to the convergence of the DNN solution Ny to the
exact solution u(t,z). The proof also implies that both the DNN approximation error and the
discretization error contribute to the approximation error in the D2GM, as demonstrated in
Section 4.

Remark 3.5. The convergence analysis can be generalized to high-dimensional problems with
random variables. In these cases, the MC method is employed to sample the random variables or
a subset of indices for the spatial variables. The sampling error is inversely proportional to the
square root of the number of samples, which attributes to the convergence of the loss function
proven in Theorem 3.2 while the other parts of the convergence proof remains unchanged. In
practice, the sampling error contributes to the total approximation error and is kept small by
using a large number of samples.
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4. Numerical Results

There are four sources of error in the D2GM: the DNN approximation error, the discretiza-
tion error, the optimization error, and the sampling error. A large number of samples are used
so that the sampling error will not affect the observation numerically. For the optimization
error, Adam (Adaptive moment method) is used to find the optimal solution. Therefore, the
first two sources of error dominates the numerical performance of the D2GM. For a DNN with
the large number of parameters, the DNN approximation error is small and the discretization
error dominates. Therefore, for moderate grid size, the convergence rate of D2GM is observed
in the classical sense. When the grid size is small, the DNN approximation contributes more
to the total error and the convergence rate of DG will be lost. The convergence rate will be
recovered if a DNN with more parameters is employed.

4.1. Linear conservation law

First, we use a linear conservation law without random inputs to illustrate our method

d
2dmus — Y uge =0, z €[0,1]4,
k=1 4 (4.1)
u(0,2) = h(z) = sin (27r > xk)
k=1

with periodic boundary condition, and the exact solution w(t,z) = sin(t + 2w 2221 z®), d =
1,2,3. For the first-order method, following (2.18), we construct the numerical solution that
satisfies the initial condition exactly

1, xel;,

uno(t,@) = [tNo(t, @i y) +g(@sy)leil®), wi(x) = { (4.2)

Z 0, otherwise,

and enforce the periodic boundary condition according to (2.20). Following (2.8), we define the
DNN represented coefficients as

Ui(t) =tN(t, 2,4 1) +sin(2mz; 1)

1
in 1D,

Ui, i, (1) = N (2, :E;lJr%,ziJr%) + sin(27r(z31+% + xfﬁé))
in 2D, and

Ui i ia (1) = tN (8, xiﬁr%’ ’xfer% ’ $§3+%) + Sin(Qﬂ-(leJr% + xffr% + x?er%))

in 3D, respectively.

For the upwind scheme, in 3D, the loss function for the semi-discrete scheme and the fully
discrete scheme based on the forward Euler method as

Esemi(e) _ (Ath3 Z GWatUi17i27i3(tj)7 +1,i2, 3( J)h ) 73( J)

1i,12,13,]

=

2
~ Uigyint1,is (8) = Uiyin,is(6)  Uigyinig+1(85) — Uiy in i (tj)> )
h h
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and

Ui, ig.i5 (5 — Ui, inis(t5 Uiy 41.i5.05 () — Uiy ig.is (E5
EFE(G): <Ath3 Z G~ ,3(]+1)At , 73(J)_ +1, ,s(J)h ) ,3(])

1i,22,13,]

2\ 7
~ Uiyiat1,is (8) = Uiyin,is(8) — Uiyinis+1(85) — Uiy inyis (t]-)) ) (4.4)
h h ’ '

respectively.

Numerical results of both loss functions are recorded in Table 4.1. The fully discrete method
based on the forward Euler scheme (4.4) shows a better approximation accuracy than the
semi-discrete method using AutoGrad (4.3). This implies that use of discrete derivative may
lead to better results for time-dependent problems. For moderate mesh size h, the first-order
convergence is observed with respect to h. For smaller h, the first-order convergence is lost but
is recovered when a wider network with the width 200 is employed; see Table 4.2 for details.

For the second-order method, the approximate solution in 1D is constructed as

uno(t,x) =Y _[U¢) (@) + Ulpl (@), (4.5)
where
1, zel;
0 ) iy
i x = 463.
#i(@) {0, otherwise, ( )

Table 4.1: The averaged L? relative error in the last 1000 steps and the convergence rate for the linear
conservation law (4.1) with two loss functions (4.3) and (4.4). A neural network with 4 hidden layers
and two shortcut connections is used and the batchsize is chosen as 10000. In 1D, the network width
is set to be 20 and the total number of parameters is 1341. In 2D, the network width is set to 40 and
the total number of parameters is 5121. In 3D, the network width is set to be 60 and the total number
of parameters is 11341.

a | ne At Fully discrete Semi-discrete
error order error order
1/10 2.86 e-01 3.04 e-01
1/20 1.50 e-01 | 0.93 | 1.58 e-01 | 0.93
1 1/40 7.73e02 | 094 | 8.05e-02 | 0.98
1/80 3.95e-02 | 0.96 | 839 e-02 | -0.05
1/160 | 2.10 e-02 | 091 | 7.01 e-02 | 0.25
1/320 | 1.72 e-02 | 0.28 | 1.44 e-01 | -1.04
1/10 3.32 e-01 3.43 e-01
1/20 1.72 e-01 | 0.90 | 1.81 e-01 | 0.91
5 1/40 8.90 e-02 | 0.95 | 8.89e-02 | 1.03
1/80 4.68 e-02 | 0.92 | 6.00 e-02 | 0.56
1/160 | 2.57 e-02 | 0.86 | 5.40e-02 | 0.15
1/320 | 1.87e-02 | 045 | 5.64 e-02 | -0.06
1/10 3.59 e-01 3.75 e-01
1/20 1.92 e-01 | 0.90 | 2.02 e-01 | 0.89
3 1/40 9.95e-02 | 0.95 | 1.03 e-01 | 0.96
1/80 5.20 e-02 | 0.93 | 6.94 e-02 | 0.57
1/160 | 3.14 e-02 | 0.72 | 9.45 e-02 | -0.44
1/320 | 2.09 e-02 | 0.58 | 1.16 e-01 | -0.30
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Table 4.2: The averaged L? relative error in the last 1000 steps and the convergence rate for the linear
conservation law (4.1) using loss function (4.4) and a wider neural network with width 200 in 3D.

h = At error order
1/10 3.64 e-01
1/20 1.92 e-01 0.92
1/40 | 9.92 02 | 0.95
1/80 5.04 e-02 0.97
1/160 2.54 e-02 0.98
1/320 1.29 e-02 0.97
1/640 6.78 e-03 0.93

1/1280 | 4.24 e-03 | 0.67

L (x—mp1), xely,
(=) {0, otherwise, ( )
U (t) = tNg, (t, z; +1) +sin(27rz; 1), (4.6¢)
Ult) = tNy, (¢, z; +1) +2mcos(2mz;y ). (4.6d)

Based on (2.15), the corresponding loss function consists of two contributions
i) -0, ;s V)
Lo(60) = Athz< N h+fi+%fi+%> :

2
L1( (Ach( t+At) Ul()h3+huo+ f+s+ fi-i—%))

(4.7)

1
2

At 12

Often Ly(0y) and L£1(601) are not of the same order of magnitude, which adds additional diffi-
culties to minimize both terms simultaneously

arg min} Lo(00) + L1(61), (4.8)
0,Y1

where 0y, 01 are the parameters of neural networks to approximate U° and U', respectively. We

use ADMM [3] to optimize U and U'. Numerical results are shown in Table 4.3. Compared

Table 4.3: The averaged L? relative error in the last 1000 steps and the convergence rate for the 1D
linear conservation law (4.1) solved by the second-order scheme. A neural network with 4 hidden layers
and two shortcut connections is used and the batchsize is chosen as 10000. The network width is set
to be 20 and the total number of parameters is 1341.

h = VAt error order
1/10 | 1.01 e-01
1/20 | 3.69 e-02 | 1.40
1/40 2.24 e-02 0.79
1/80 | 1.15e-02 | 0.95
1/160 | 1.06 e-02 | 0.12
1/320 7.81 e-03 0.44
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Table 4.4: The averaged L? relative error in the last 1000 steps and the convergence rate for the 1D
linear conservation law (4.1) solved by the second-order scheme. A neural network with 6 hidden layers
and two shortcut connections is used and the batchsize is chosen as 10000. The network width is set
to be 60 and the total number of parameters is 12951.

h = \/E error order
1/10 7.36 e-02
1/20 1.45 e-02 | 2.34
1/40 2.33 e-03 | 2.63
1/80 6.31 e-04 | 1.88
1/160 2.11 e-04 | 1.57

with Table 4.1, we can find the second-order scheme has a better accuracy when two identical
networks are applied. If a wider and deeper network is employed, then the second-order scheme
is obtained with high accuracy; see Table 4.4.

Results of the first-order and second-order schemes are summarized in Fig. 4.1. The second-
order scheme always has a better accuracy than the first-order scheme. A DNN with more
parameters reduces the DNN approximation error and thus the convergence rate can be obtained

over a larger range of grid size.

10°
=101
g
=
N
5 1072,
2
+
= lope = 2
Q Vl
10 0 ]
—— V2, 2 layer
autograd
—o— V2, 3 layer
10 > .
10 10
h

Fig. 4.1. The averaged error of two schemes for the 1D conservation law with respect to the mesh size
h. Vi represents the first-order scheme with the forward Euler method in time and V;? represents the
second-order scheme with two DNNs and the forward Euler method in time. Autograd represents the

first-order scheme with AutoGrad in time.

4.2. Burgers’ equation

Consider the Burgers’ equation
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with initial condition

1, z<0

u(0,x) = {0, e 0: (4.10)

and reflecting boundary condition. The exact solution is discontinuous. The numerical solution
is constructed as

ot ) = {Ng(t,xiJr%)goi(x), t>0, z€[r,zi41), (4.11)

, u(0,2;4 1), t=0,

where ¢;(z) is defined in (2.5). This means that the numerical solution is approximated by
a DNN at any point when ¢ > 0 and uses the exact solution when ¢t = 0. We divide the time
interval (0,7) into grids and assume that the temporal step size equals the spatial mesh size
for simplicity.

The loss function for the semi-discrete scheme is

g (t; Y Tiy .
Loemi (0 (Ach( ol Tiry) — fO ug(ty, x7 ), uo(ty, 27))

1
2

2
+fGOd(UG(tj’$i+1)au9(tj’x;;1))) ) ) (4'12)

and the loss function for the fully-discrete scheme using the forward Euler method is

ue(tqu,xi ;)711,9(15',1‘1- l) Yer _
cFEw):(Z( R e [ g1, 7). (1, )

]

2
+JEGOd(UB(tj"Ti_Jrl)’UH(tjaxz—'trl))) ) ) (4'13)

respectively. The error of these two loss functions is shown in Table 4.5. It is observed that the
forward Euler method produces much better results than the autograd method for the Burgers’
equation (4.9) with a non-smooth solution (4.10). The detailed solution profiles are visualized
in Fig. 4.2.

Table 4.5: The averaged L? relative error in the last 1000 steps and the convergence rate for the Burgers’
equation (4.9)-(4.10) with two loss functions (4.13) and (4.12). A neural network with 4 hidden layers
and two shortcut connections is used and the batchsize is chosen as 10000. In 1D, the network width
is set to be 20 and the total number of parameters is 1341.

h = At | Fully discrete | Semi-discrete
1/10 9.87 e-02 3.82 e-01
1/20 4.88 e-02 3.37 e-01
1/40 3.48 e-02 3.03 e-01
1/80 2.58 e-02 3.12 e-01
1/160 1.84 e-02 1.91 e-01
1/320 1.73 e-02 3.86 e-01
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1.0- 1.0 — h=2
e h=40
— h=280
—— h =160
= h =320
30.5; 30.5;
0.0 . . . ‘ . 0.0 . . . ‘ .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
t =0.25 t=0.5
1.0; —h-x 1.0;
— h=280 \
—— h =160
= h =320
3 0.5 3 0.5
— h=20
—— h =40
—— h =80
—— h=160
—— h =320
0.0 . . ‘ . 0.0 Bet . | :
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
t=0.75 t=1

Fig. 4.2. 1D solution profiles of the Burgers’ equation (4.9) approximated by the neural network solution
(4.11) with different mesh sizes h.

4.3. Stochastic linear conservation law
Consider the stochastic linear conservation law
s 2 d
2druy — | 1+ exp < - ij) Z Uyi =0 (4.14)
i=1 '
with periodic boundary condition and initial condition
d
(0, x, w) = sin (2772951) .
i=1
The exact solution of the problem is

S

2 d
u(t, T, w) = sin 1+exp<—2wj> t—|—27rz:vi
j i=1

j=1
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Table 4.6: The averaged L? relative error in the last 1000 steps and the convergence rate for the
stochastic conservation law (4.14). The neural network used here has 6 hidden layers and 3 shortcut
connections. When s = 50, the network width is 100 and the total number of parameters is 56101.
When s = 100, the network width is 200 and the total number of parameters is 222201. The batchsize
is 200000.

s h = At | Expectation | Order | Variance | Order
50 1/40 1.54 e-01 2.13 e-01
50 1/80 7.85 e-02 0.97 1.14 e-01 | 0.93
50 1/160 3.88 e-02 1.01 5.61 e-02 | 0.96
50 1/320 1.96 e-02 098 | 3.22e02 | 0.79
100 1/40 1.53 e-01 2.07 e-01
100 1/80 7.83 e-02 0.97 1.12 e-01 | 0.88
100 | 1/160 3.93 e-02 0.99 | 5.82e02 | 0.95
100 | 1/320 2.01 e-02 0.96 | 2.93e02 | 0.98

The DNN solution is constructed as

u(tv T, w) - Z[U\/e(ta Tirl, w) + g(miJr%)]@i(m)a (415)

?

where ¢;(x) is defined in (2.8). Since the fully discrete scheme works better than the semi-
discrete scheme, we only use the fully discrete scheme with the forward Euler method in time.
The corresponding loss function reads as

ug(tjp1, Ty 1, w) — ug(ty, Ty 1, w)

Leu(0) = | Ath® > <27r N
,J

1
9 2\ 2

2 t; (2 - t; (%
_ 1+€XP 7ij ue(]varlaw)h ue(]am (.U) ) (416)
j=1

Fig. 4.3 plots the expectation and the variance of the solution along the line x; = 9 = x3 when
d=3,s=2, and s = 5. Table 4.6 records the relative L? errors of the expectation and the
variance for s = 50 and 100 respectively. The first-order accuracy is observed for the stochastic
linear conservation law in both expectation and variance.

4.4. Stochastic Burgers’ equation

Consider the stochastic Burgers’ equation defined as

u2
ug + <?) =0 (4.17)
with initial condition

I+ed i W z<0,

4.18
0, x> 0. ( )

u(0,2,w) = {
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Fig. 4.3. Numerical and exact expectations and variances of the solution to the stochastic linear
conservation law (4.14) along the line where z1 = x2 = 23 when d = 3, s = 2 and s = 5 with different
mesh sizes h. When s = 2, the network width is 40 and the total number of parameters is 8441. When
s = b, the network width is 50 and the total number of parameters is 13211. The batchsize is 200000.

The exact solution is

z, < %,
u(t, z,w) = . (4.19)
0, z>_,
7
where z =1+ €Y., w'. The expectation of the solution is
1—e¢
17 < )
TS
—{1—42?+2 | 1-
Eo[u(t, 2, w)] = idere lte 1l (4.20)
€

1+e€

0
’ 2
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Table 4.7: Network setups for stochastic equations with different number of random variables.

s Number of hidden layers | Network width | Number of parameters
6 40 8441
6 50 13211
10 6 50 13451
50 6 100 55901
100 6 200 221801
200 6 400 883601

Table 4.8: Expectation and variance errors of the proposed method for the stochastic Burgers’ equation
when the MC method is used with the batchsize 10000.

€ s h Expectation error (L?) | Variance error (L?)
0.25 2 1/40 1.00 e-2 5.42 e-1
0.25 2 1/80 2.98 e-2 6.49 e-1
0.1 5 1/40 1.48 e-2 2.23 e-1
0.1 5 1/80 3.06 e-2 3.22 e-1
0.05 10 | 1/40 8.16 e-3 2.75 e-1
0.05 10 | 1/80 2.24 e-2 4.34 e-1
0.01 50 | 1/40 1.09 e-2 5.78 e-1
0.01 50 | 1/80 1.90 e-2 5.86 e-1

0.005 | 100 | 1/40 5.30 e-3 6.82 e-1
0.005 | 100 | 1/80 1.81 e-3 7.89 e-1
0.0025 | 200 | 1/40 1.02 e-2 8.96 e-1
0.0025 | 200 | 1/80 1.57 e-2 9.92 e-1

The reference variance of the solution is simulated by the MC method. The neural network
setup for different s is listed in Table 4.7.

The approximate solution is constructed as

Ng(t,xiJr%,w)cpi(z), t>0, z€ (x,Tit1),

(4.21)
u(O,zH_%,w), t=0,

ug(t,x,w) = {

and the loss function is the same as (4.13). Expectation and variance errors of the proposed
method are recorded in Tables 4.8 and 4.9 when the batch size is 10000 and 50000, respectively.
The relative L? error in expectation and variance reduces when the batch size is increased and
the relative L' error is slightly better than the L? error. Furthermore, we apply the quasi-
Monte Carlo method [4,6] to approximate the loss function; see Table 4.10. It is found that the
error in this case is smaller than that of the MC method but cannot be further reduced with
smaller mesh sizes. In addition, we apply the multilevel MC method [17] to approximate the
loss function and the numerical result is recorded in Table 4.11. Again, slightly better results
are obtained but the approximation of the variance is not good.
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Fig. 4.4. 1D solution profiles of the stochastic Burgers’ equation with different mesh sizes h.
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Table 4.9: Expectation and variance errors of the proposed method for the stochastic Burgers’ equation
when the MC method is used with the batchsize 50000.

L? error L' error

h

€

v

Expectation | Variance | Expectation | Variance

0.25 2 1/40 2.44 e-3 1.27 e-1 1.63 e-03 8.66 e-02
0.25 2 1/80 3.57 e-3 8.82 e-2 2.06 e-03 5.77 e-02
0.25 2 1/160 9.70 e-3 1.14 e-1 4.42 e-03 7.40 e-02
0.25 2 1/320 2.28 e-2 2.21 e-1 1.10 e-02 1.46 e-01
0.1 5 1/40 4.16 e-3 2.30 e-1 2.03 e-03 1.60 e-01
0.1 5 1/80 2.44 e-3 1.24 e-1 1.34 e-03 9.78 e-02
0.1 5 1/160 4.34 e-3 9.16 e-2 2.17 e-03 8.04 e-02
0.1 5 1/320 1.61 e-2 2.21 e-1 8.10 e-03 1.75 e-01
0.05 10 1/40 6.79 e-3 3.37 e-1 2.99 e-03 2.40 e-01
0.05 10 1/80 2.25 e-3 1.86 e-1 1.13 e-03 1.45 e-01
0.05 10 | 1/160 4.68 e-3 1.27 e-1 2.28 e-03 1.17 e-01
0.05 10 | 1/320 2.01 e-2 3.36 e-1 8.94 e-03 2.74 e-01
0.01 50 1/40 1.80 e-2 6.42 e-1 5.36 e-03 5.01 e-01
0.01 50 1/80 5.74 e-3 4.04 e-1 1.67 e-03 3.32 e-01
0.01 50 | 1/160 3.09 e-3 2.69 e-1 1.18 e-03 2.68 e-01

0.01 50 | 1/320 4.40 e-2 9.12 e-1 1.70 e-02 8.06 e-01
0.005 | 100 | 1/40 2.58 e-2 7.53 e-1 6.54 e-03 5.01 e-01
0.005 | 100 | 1/80 8.64 e-3 5.25 e-1 2.09 e-03 3.32 e-01
0.005 | 100 | 1/160 1.95 e-3 3.76 e-1 7.22 e-04 2.68 e-01
0.005 | 100 | 1/320 3.07 e-2 9.47 e-1 5.65 e-03 8.06 e-01
0.0025 | 200 | 1/40 2.58 e-2 7.53 e-1 7.56 e-03 7.52 e-01
0.0025 | 200 | 1/80 8.64 e-3 5.25 e-1 2.51 e-03 5.68 e-01
0.0025 | 200 | 1/160 1.95 e-3 3.76 e-1 8.30 e-04 5.51 e-01
0.0025 | 200 | 1/320 3.07 e-2 9.47 e-1 3.52 e-03 9.09 e-01

Table 4.10: Expectation and variance errors of the proposed method for the stochastic Burgers’ equation
when the quasi-Monte Carlo method is used with the batchsize 50000.

h L? error L' error
¢ y Expectation | Variance | Expectation | Variance
0.25 1/80 3.88 e-3 8.06 e-2 2.17 e-03 8.06 e-02

2
0.25 2 1/160 7.78 e-3 8.66 e-3 4.48 e-03 8.66 e-02
0.25 2 1/320 2.68 e-2 2.44 e-1 1.72 e-02 2.44 e-01
0.1 5 1/80 2.39 e-3 1.21 e-1 1.35 e-03 8.78 e-02
0.1 5 1/160 3.18 e-3 7.39 e-2 2.24 e-03 6.29 e-02
0.1 5 1/320 1.70 e-2 242 e-1 9.61 e-03 1.92 e-01
0.05 10 1/80 1.80 e-3 1.88 e-1 1.14 e-03 1.45 e-01
0.05 10 | 1/160 4.23 e-3 1.30 e-1 2.32 e-03 1.22 e-01
0.05 10 | 1/320 1.47 e-2 2.56 e-1 7.40 e-03 2.27 e-01
0.01 50 1/80 5.88 e-3 4.01 e-1 1.79 e-03 3,25 e-01
0.01 50 | 1/160 3.61 e-3 2.74 e-1 1.76 e-03 2.74 e-01
0.01 50 | 1/320 2.19 e-2 5.37 e-1 5.47 e-03 5.04 e-01
0.005 | 100 | 1/80 8.79 e-3 5.29 e-1 2.11 e-03 4.43 e-01
0.005 | 100 | 1/160 2.78 e-3 3.47 e-1 1.21 e-03 3.49 e-01
0.005 | 100 | 1/320 3.01 e-2 8.97 e-1 7.03 e-03 8.20 e-01
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Table 4.11: Expectation and variance errors of the proposed method for the stochastic Burgers’ equation
when the multi-level MC method is used.

L? error L' error

€ s h
Expectation | Variance | Expectation | Variance

0.01 50 1/80 5.82 e-3 4.03 e-1 2.11 e-03 3.27 e-01
0.01 50 | 1/160 2.37 e-3 2.36 e-1 9.99 e-04 2.18 e-01
0.01 50 | 1/320 8.37 e-3 2.76 e-1 3.42 e-03 2.80 e-01
0.005 | 100 | 1/80 8.82 e-3 5.28 e-1 2.20 e-03 4.41 e-01
0.005 | 100 | 1/160 2.07 e-3 3.53 e-1 7.66 e-04 3.51 e-01
0.005 | 100 | 1/320 3.03 e-2 8.72 e-1 5.92 e-03 7.96 e-01

5. Conclusions

In this work, based on the weak formulation of PDEs, we propose a deep learning based
discontinuous Galerkin method (D2GM) to solve (stochastic) conservation laws. The main
idea is that at the discrete level, the solution is smoother than that at the continuous level.
By combining the advantages of discontinuous Galerkin method and deep neural networks,
D2GM is able to solve problems with discontinuous solutions over the high-dimensional space.
Convergence of the D2GM is proved under some assumptions. This method is tested for PDEs
with non-smooth solutions over high-dimensional random space. Over some regime of mesh
sizes, D2GM is found to be first-order and second-order accurate in practice. High-order schemes
with discontinuous polynomial basis in space can be designed in the same manner. However,
how to discretize the temporal derivative with high-order accuracy is unclear at the moment.
For example, the leap-frog method is used together with the second-order scheme in space, but
the overall second-order accuracy is not observed for the linear conservation law. Therefore,
it will be of great interests to desgin high-order schemes for shock waves in the framework of
deep neural networks. In summary, the proposed method shows a strong promise for solving
high-dimensional uncertain PDEs with discontinuous solutions.
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