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By particle methods of approximation of time-dependent problems in partial
differential equations, we mean numerical methods where, for each time ¢, the exach
solution is approximated by a linear combination of Dirac measures in the space
variables ». Although these methods have not yebt a very large range of
applications as that of classical methods (finite differsnce methods, finite element
methods or even gpectral methods), they provide an effeotive way of solving
convection—~dominated problems. In fact, pariicle methods are commonly used in
gome problems of Physics and Fluid Mechanies.

In Physics, these methods have been considered very early for the numerical
solution of kinetic equations such as Boltzmann, Vlasov or Fokker—Planck equations
and have been mainly based on a Monte Carlo methodology. More recently, particle
methods have received a great deal of aftention in Plasma Physics and are now
currently used in a number of physical problems. In that direction, see the book of
Hockney and Eastwood™".

In Fluid Mechanios, vortex simulations of incompresgible fluid flows at high
Reynolds numbers have been first introduced by Rosenhead and subsequently
developed by Chorin, Leonard and Rehbach among other contribufors (see the
survey of Leonard™?). On the other hand, particle in cell (P.I.0.) methods have
been introduced by Harlow™ for the numerical computation of compressible
multifiuid lows. Recently Gingold and Monaghan'™ have proposed a new particle
method which may be viewed as an improvement of the P.I.C. method.

The purpose of this paper is to review some recent resulis recently obtained by
the author in joint works with 8. Gallic and J. Ovadia concerning the particle
approximation of hyperbolic and parabolic systems and which are related to the
approach of Gingold and Monaghan. In Section 1, we desoribe a particle method of
approximation of first—order linear symmetric systems. Convergence results are
stated in Seotion 2: they generalize previous results of the author on the particle
approximation of hyperbolic equations™® ¥, We show in Bection 3 how to adapt
the method to the nonlinear hyperbolic system of gas dynamics, hence generalizing
the ideas of [7]. Finally, Section 4 is devoted to the extension of the method to the
numerical treatment of convection-diffusion equations,.
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For a mathematical study of the vortex method, we refer to.Beale and Majdat.*
and the thesis of Cottet'™; see also [12]. For a proof of convergence of the particle
method for the Vlasov-Poisson equations arising in Plasma Physies, gee [4].

§ 1. Description of the Particle Method

Let us consider the Ga,ur:.hy problem for first-order systems written in
conservabion form
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Here u=u(2, t), f=f(=, t) are column vectors with p components and A¢= A4*(z, t)

0<i<n, are pXp matrwea Setting ¢r=R"X ]0 T[ T >0, we assume that
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Then, given uoE I?(R*)* and f& I*(0, T L”(ﬁ")”), it i3 a clasgical result that
Problem (1.1) basg indeed a nnique weak solution w& 0% 0, T; L*(R")?).
Assume next that the data 4%, 0<<i<<n, % and f are continmnous functions. In
order to approximate the solution u of Problem (1.1) by a particle mathad We beglm
by 1n1i:r0ducmg a System uf movmg coordinates. We write |

A= T+ B, 1<i<<n, (1.4)'-

where [ ig the p.Xp ;dentity matr:x and the functions ' are continuous and. satisfy
' !, 3@ €@, 1<i/j<n. @)

Then, we consider the differential gystem -
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whose solutions are the cha,ra.ctemstm curves associated with the first order-
differential operator
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We denote by t—>z(¢, t) the unlque solution of (1; 6) which satisfies the' initial
condion
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Then it js a mmple :-md ula.ssmal ma,tter 0 check that L |
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