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NUMERICAL SOLUTION OF RADON"S PROBLEM
IN A TWO DIMENSIONAL SPACE*
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As in the Fourier tra.nﬂform of a func-hﬂn., we amoﬁla.{ie wﬂih a function f(x) its
Radon transform g(a, p), ‘defined by the following m’segra.l of f(z) over the
hyperplane with unit normal ¢ and distance p from ’sha orlgm .

o Rf=j f(m)dm;“.‘-?(ﬂ: P) | o (1)

SRETEE I ' Crc = ]1

for p = R:l z, mE R" I::ul -=-1 The Radon problem mns:sts in solvmg equation (1) for
f(=z) from g(n:, p). This problem is of great importance in many applications, for
instances in “She reconstruction of objects from X-ray pictures ([1], [2]).

In this paper we shall merely treat.Radon’s problem for n=2. Describing the
unit normal « by its polar angle §, we can rewrite (1) a8

Rf=[" 76 p, )ar=9(, 9, @

f(ﬁ D, r) -f(pmsﬂ-l—e'smﬁ ;psmﬂ rcosﬁ),
or _ - |
4 r_.i'.?L @), @ j " 48, p)dd,
where a:('q) ig the a,veraga of f on the clrele of ra-.dms 7 a.bout the origin:
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The problem of determmmg the solution a(n) (in pariucula,r f(n), if the function f
has the property of circular symmetry™, ie. f (21, 22) =F (1), 3 i+af=r") from the
initial data G(p) has been explored in [3] in greater detail.
Radon’s problem (2) is not well-posed on the pau' of smees ((J Lg), where

 LamLa(HD), Y
5-=5(K ) {f(m) f(m) is ﬁontmuous and has qompact Eupport K;, 0<£<T},

-- H{(d, 9): pERY aC R, |o] 21IF .

is the unit ey‘hnder in R® and K, is thie circle of rafh J * Aot thaanngm This is
because the range of Radon’s mﬁagral ﬁperato R ana not Gﬂlnﬁld.ﬂ with Lg
and fhe mve:lﬁe R-of the: opecrator R-is not’ _ e
It should, be 11"’1’“9‘1 out tha} thq mprom f'f_-.{-?'f;;:;;. ;
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Below, we shall use the ﬁnite—diﬁ’éranca method o #olve the Radnn. equatior
(2). In order %0 clarify the essentials of the method, in this section we study merely
o somi—diserete scheme, where only the variable p is disoretized: _
| o
n+1

while the variable r is left continuous. The fully discrete case is disoussed in section
8. Let f be a veotor-valued function:

| - | :f.;ff.,(ﬂ, r)_fﬁ(f:.;__i_(@, ), >, fn+1(3:;.4')_). ;A

the componenté of whioh, i.a.; fi(@, 1), are defined on the éégmmta:; g

| {(p:, r): T—T_-Q__rﬁi'u}_' (3=—n—1, * n+1).

Now let us consider the functional M? of the argum_enf function f., which may be
taken $o be an arbitrary continuous funckion with a continuous derivative: |

M3[6; fx; 9<] ==1g:'r_ _U‘:fi(& r3t§r+yi (6)]5 +°‘¢g T I:_{ﬁ _(9; r)+ [—d#]ﬂ} dr
. " dem i ':":r:j:[fui“‘fi_]“@r, o o |

pe=tr, i=—n—1, —w, >, X, at+l, 7=

= --+j|--1

where ¢. is a given vector:

' gem9a(8) = (ga (), > 94OD)- |
Theorem 1. For every ¢, and every positive parameler o, there exists @ uniqus
continuous function £2(8, r) with & condinucus derivative for which the fumotional
M2[8; fx o) attains ¢is greatest lower bound: | |
Mﬁ[ﬂ, ki g*l'] =inf M%[0; f» yf] :
Proof. 1) The Jesired function f2(@, r) should be defermined by the integro-
differentisl equation of Euler: |

aLifd=| 1.8 ds=g:® e
| o . T : :
- Eifa-Sk 4 Bfs
-(+x)
= (1+1‘9 -
B= Sar Z e rari 07 .: Yigh. B v B L
g = (L) i gt af
i FalieTdeT f 4 1 PRl T -1
= ()



