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The main purpose of this paper is b0 use the regularization method to solve |
the following integral equation of the Abel type :

=2 FET dr- ey 1)

which is of great ifaportance in many applma.tlonsm.

Suppose that the funotion fr(s) having a continuous firgt derivabive and
ocompaoct support [0, 7] is a solubion of equation (1) with right-hand side go(p),
i.e.,

T
Ar,=2L f___rf(r)p_ dr = gr(p)

and is yet to be found.

There are two cases to be considered:

Case I. The position of the right end point of the compaet support [0, T] is
given exactly in advance.

Case I1. The position is8 known only approximately.

The problem of solving Abel’s integral equation
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has been studied in [2]. In Case I in exactly the same way one can eagily see that
the analogous problem of determining the solution f(r) of the Abel type integral
equation (1) in the space O[0, '] from the initial data g(p) in the space L.[0, T']
is not well-posed on the pair of spaces (O, Iy)([38] p. 16 and [2]) and that the
problem of construeting approximate solutions can be solved in aocordance with the
method described in [2].

In Cage I1 we are thus forced to adopt a somewhat different approach to solve
problem (1) for fr(s). In the following we shall treat this problem in detail.

N 2
In Case IT because of the ambiguity of the position of the right end point we
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prefer to study problem (1) on the pair of spaces (C, Lg), where
Lig= L [0; T] »
C=C[0, T1={f(): f(r) is continucus on [0, T'] and has compact
support [0, £], 0<E<T, T<T},

| fllg=max|f(r)].

The problem of determining the solution f(r) from thp initial data ¢g(p), like
the probleEn considered in [2], is not well-posed on (&, L,). For, in the first place,
the set AC does not coincide with L,. Secondly, the inverse operator A~! is nof

continuous,
Furthermore, it should be noted that the reciprocity formula for f(r) holds™:

-1 d (*_pg(p)
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Below, following'®, we shall employ the regularization method for the Abel
type equation (1) to construet a regularizing operator that provides a stable method
for determining approximate solutions. For this purpose we consider the functional

| M*[f, g] defined on C4[0, T]:
M*[f, g = [ Af~glt,+a| () +£/(r)"Iar

= E [QJ: N/Zti(;;ﬂ dr—g(p) po—l-ﬂj: [F2() +f (r)?] d;-,

- C1=C4[0, T]={f(r): f(r) €0, f(r) hag a continuous derivative}.

Theorem 1. For every function g€ L, and every posilive paraemeter o, there
exists a unigque function f,€ Oy for which the functional M[f, g1 attains its greatest
lower bound, that is

ML fa, _9] =int M*[f, g].
Proof. 1) Thig is a variational problem with free boundaries;the left and right

end points of the unknown curve f,(r) are on lines =0 and p=0 res pectively.
Thus, we obtain after simple caleulation the first variation 3M¢ of the functional M.

e ([ rlaf, A o Japfpcorar
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+ 2a Z Lf(r) =" (r)Ih(e)dr+2af () R(r)

and hence the function f,(s) should be determined by the Kuler integro-differential
equation

R R Y A 1O R T G
LLfY =4 | || e bt |ap—2[ 9@, ILS1=5"~f @)

A

and the boundary conditions o
F©@=0, f'©=0, FE&=0. 3)
2) Under given boundary conditions (8) the associated homogeneous equation
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