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Abstract

This papsr gives a thorough analysis of the local refinement method or plane polygonal domains,
with special attantion to the treatment of reentrant corner. Convergence rates of the finite element
method under various norms are derived via a gystematic treatment of the interpolation theory in
weighted Sobolev spaces. It is proved that by refining the mesh suitably, the finite element

approximations for problems with singularities achieve the same convergence rates as thoss for smooth
solutions.

: § 1. Introduction

To the authors knowledge, analysis of the local refinement method was initiated
by A. Sohatz and L. Wahlbin. Baged on. an asymptotic expression of the solution
hiear a corner, which reveals the singularities of the golation, they obiained in [4]
some error estimates on locally refined meshes. But from the point of view of
approximation theory, their resulis are on fanctions of parficular forms, rather
than the norms of the error operator in suitable spaces. By introducing weighted
Bobolev spaces, [1] gave a satisfactory answer to this problem. They also obtained
the inverse = estimates which show that their resulis cannot be improved.
Unfortunately, the techniques used there eannot he extended readily to the case of
high order elements. In this paper, by using a sysfematic treatment of the
interpolation theory in weighted Sobolev spaces, we give a thorough analysis of the
finite element method on locally refined meshes. Hstimates obtained indicate the
dependence of the approximation properties on the singularities of the solution, the
order of the elements and the degree of refinement. TR ‘s

We use conventional notations in this paper, with O as a generic constant,
which may assume different value in difforent places,

§ 2. Weighted Sobolev Spaces

Let Q be a plane polygonal domain, with vertices @y, g, «+-, oy (see Fig. 1), wy

1s the inner angle of £ at z,, and w=2
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For B= (B, Bs, =, Bu), define
dsﬂ(m)’:ﬁ_llm"mtlﬂ':

where |+| is the Euclidean norm in R2,

Lot 8-+4—2=(Bi+j—2, ¢+, Bu+4j—2) and likewise Bj=(Bij, ***, Buj).
. For two veotors Ba(ﬂh iy BH): 7=(711 dis 'J"H)r
we gay B>, if B>y, for all j, 1<j<M. If, for
instance, - ig real, then B>y is understood as B>,
for all 4, 1<\j<M.
Let HZ(Q) be the complement of 0=() under the
norm: |

Ly-1
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Fig, 1 | where
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Dl = 3} |28, (ulmso=(], Dhins| D7ul?dz) .
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If B<1, then by uging Lemma 4.9 of [3], we have
. H (QGHMW G H(Q).

This important property will be used in proving Theorem 1.

§ 3. Interpolation Theory

Denote by dp the diameter of a triangle T'. For y=(yi, ***, Yx), 28 in (1], we
define a triangulation 4 to be of (&, 6y, ¥)-type, if

(1) 4 satisfies the conventional requirements on triangulations (see, e.g. [21,
p. bl).

(2) (Zlamal’s condition) For any 7€ 4, if # is an interior angle of T, then
G=0y>>0.

(8) If TNV =@, then Ue(fo) D, (@) h<dr<<O0:1(6o)P,(2)h, Yz €T

(4) I3 N V?‘-@, thﬂﬂ Gn(eu) ig? GST (w)h%drﬁtl (90) EL%B @7 (m)h.

Here, Co(0), 01(8o) are constants depending only on 6.
If 4,>0, the triangulation is no longer guasi-uniform. If we use d; to denote
the diameter of an element near the corner w;, then

d"N hlf{l-?j}‘

To define the interpolation, we need the following result, whick ean be easily
proved by using the corresponding result of [1] and Lemma 4.9 of [3].

Lemma 1. If0<B8<1, m>2, then HF (Q)GC(2).

Denote by @m-1(4) (m>2) the gpace of continuous functions which are piecewige
polynomials of degree m—1 or less on 4. Because of Lemma 1, the Lagrangiam
interpolation operator
: U iUy
is well defined on HF(2): HF{(Q)—~>pu_1(4).

To estimate the interpolation error, we need the following theorem.



