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§ 1. Introduction

In this paper we study 8—point 2nd-order acourate conservative TSCO difference
sohemes. The TSC schemes are named after their three computational features:

(A) They are 8-point schemes, Only three poinis are needed o determine a
point on the next time level. So they can fit convenienily the boundary oonditions
for initial boundery value problems.

(B) They have 2nd—order accuracy for smooth sclutions. So in the smooth
parts of the solwtion, we can get a better numerical resalt.

(0) They are in conservation form. By the Lax-~Wendroff theorem"®, if the
computed solution of the TSSO schemes converges boundedly a.e. to u, then wu js a
weak solution of Eq. (2.1).

In this paper we prove that the TSC scheme is not TVNI (fotal variation
nonincreasing). We prove that the 83—point s-order accuracy (s>2) linear difference
scheme is linearly L (1< p<-toco, p+£2) unstable. So a linear TSC scheme i3
linearly l,(1<p<--oco, p+#2) unstable, In addition, a rigorous proof of the
nonlinear I, instabilities for the two—step Richtmyert scheme is given. At lagt, a
suceessful modification to the Lax—Wendroff scheme, the Richtmyer secheme and the
MacCormack scheme ig got. The modified schemes retain their computational
features (A), (B) and (C) mentioned above, with an addifional property that the
limit solutions satisfy the entropy condition for all the convex smooth flux
functions f. They are Iy stable in the sense of Definition 3.2 when we choose #(s)=1
in the modified schemes (3.7), (3.9) and (3.10).

§ 2. The stability results for TSC schemes

The simplest mathematical models of inviseid compressible fluid dynamics are
given by solutions, u, of the scalar convex conservation law

{ﬂ LA ) O 1 m(u);ﬂmﬁ,
2

ot ow ot

u(w, 0) =uo(@),

where f is a smooth convex function of w.
We shall discuss numerical approximations to weak solutions of (2.1) which

(2.1)
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are obtained by (2k+1)—point explicit schemes in conservation form,
%?+1=t6}'—5\(§:+% '_'9';_%_ )5 (2.2a)
where

9:+}; = g (U] -p+1, " U7 +x) (2.2b)

Here 4] =1 ( §4z, ndt) and g is a continuous numerical flux function. We require
that the numerical flux function be consistent with the flax funetion f(u) in the
following sense

gu, ==+, w)=Ff(w). (2.20)
The olass of schemes we shall diseuss can be written in the form
wftl =uf 4 dfj";f% Adu}— df‘:‘_"% Ay, (2.3a)
where
T8
g, = A — utf_’ B At S, (2.3b)
tod+ 5 + 4
— Aa(uy), if Ayuy=0
and . -
fi—9, 1

D A e if dyuy_1#0, (2.30)

- "—i

?u-m(u;) y if .c‘l+u;_1-=0.
Here and throughout this paper, we use the standard notafion

Arsty=uper—ty; fr=F(ug); A=A/ .
Scheme (2.3) includes the TSO scheme and Harten’s TVNI scheme™.
'We say that the finite difference scheme (2.2) is total variation noninoreasing
TVNI if for all nonnegative integers n, we have

TV () <TV (u), (2.45)

where
J- 00

TV(U“)EJE | it ] -

Theorem 2.1. If the schome (2.1) 48 TVNI, then we have the following

tnequalities,
[@=gb. w0 o (2.5)
f (a) _Qgﬂ*r =+, G, b) () (25b)-

for all real numbers a and b, a+b.
Proof. If b>>a, we assume

gufs ISh o
b, j=J,
where J ig an arbitrarily fixed integer. If ujfi<<a, then

TV () > [ it — uiihess| = |5 — 8| >b—a=TV (u),



