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Abstract

It is well known that the x-condition number of & linear operator i a measurs of ill condition
with respeet to its generalized inverses and a relative error bound with respeet to the gensralized
inversss of operator T with a small perturbation operator E, namely,

2]
LE+Ey+ Ty "{T}mﬂ
il =2l

where x(T)=|T] [ T+]. The problem is whether there exists a positive number () independent of
E but dependent on 7T guch that the above relative error bound holds and w(l)<=(D),

In this papery an answer ig given to this problem. The main result is

Theorem. Let X, Y be two Banach spaces, T, E € BLX, Y] and |E| . |T+] <1. Supposs

[(T4+E)*—TH _ o |B]
T <O
Then 2(TN<<u(T), where u{T) is a positive number wndependent of B but dependent on T and
(Iy+ETH T+ E) maps (T into R(T). This theorem shows that x(T) is mimimum in the above
sence.

§ 1. Introduction

In [1], the author showed the minimum property of w—condifion number for
a linear operator, and extended the resulis of [2]. The results of [1] are only
related to the relaiive error bound of an inverse linear operator with a small
perturbation operator, or the relative error bound of the a regular solution of
linear equations with small perturbation.

In this paper, we will discuss the relative error bound of a generalized inverse
of a linear operator from a Banach space o another Banach space and a generalized
solution of liear equations whose operator has a small perturbation. In addition, we
will show the minimum property of the pseudo x—condition number. The resulls are
very extensive and the results of [1] and [2] are the obvious corollaries.

§ 2. Generalized Inverses of a Linear Operator in a Banach Space

In general, the leiters X, ¥ denote the Banach gpace, B[ X, Y] is the Banach
space consisting of all bounded linear operators from X into ¥, 2(T") and Z(T)
denote the domain and range of T respectively, and A" (') denotes the null of 7.
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We agsume that the closed subSpace AT of X has a topologma.l complemenﬂ

A"(T° and the closed subspace #(1') of Y has a topological complement Z(T )°,
namely

X =AM (D) Y=2(TDO2T)".
In this case, A(T) and #(T) are cloged, however a closed subspace does nob

necessarily have a topological complement. A subspace A(T) (%#(T)) has a
topological complement if and only if there exists a projector P(Q) of X(Y) onto

AT (R(TH), i.e., PX=N"(T) (QY¥ =%(1)), see [7]. Nashed pointed out thab.
if the decompositions

X =N (DYDN () Y = RT)DAT)°
exist, then there exists uniquely the generalized inverse T*=T% , (T'} o implies that
the operator 7'+ depends on the projectors P and Q) such that
PA) = RDYQAT); 4 (TH)=RT),
I BT = A (TG TTT=T; T*TT*=T* on 2(T7), (1)
T+*T=I-P; TT*=Q| sr+,

where Q| s+ is the restriction of @ on @(T*)I T+ is bounded if and only if Z(T')
ig closed in Y. n this paper, we consider the case that Z(T") is closed; then we have.

obviously

{X=JV(T)@JV (% Y=£(T)@£(T>GJ

DT+ =Y; N (T*)=R(T)", @
Z(T+)=A (1),
{ TI*T =0 THTT* =07, 3)
Tt =P yopye; T = Pgery.
From (38) we can obtain easily
{ T*Pay=T" Pyl = B (9
TP re=T; ParD=T.

In the following section, we consider the case that the perturbation S=T+ X
of T has a generalized inverse and egtimate the error bound between 8% and T*. Woe.

suppose that yo €Y, yo=y1+ys and |yo| =1 imply |y]<1.

§ 3. The Minimum Property of the Pseudo »~Condition Number

Lemma 1. Let TEB[X, Y] and suppose X =4 (YN T)" and Y =
A(TYDR(T)®. Lot Thuy ae be the generalized twverses of T with r&sp@ct o these
decommpositions. Let E€ B[X, Y] and 8 =T+ E. Suppose

| BT <1 - ®

and

(T, ET*)-1S maps A"(T into A(T). ©)

Then

XN (S)BRTY); ¥ =RE)BA(T*)

and



