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~ Abstract

" 'Phig is the first half of an articlo which develops a theory of the hierarchical elements for the
h-p version of the finite element method in the two-dimentional cass. The Eppronmé.ﬁnn p:mparhau
of the hierarchical elementa are dlauussed 'I!ha second pa.rt wﬂl addrem tha mnve;génda Tate, when
geometris Moshes' are used,

~§o. Introductlon |

In the ﬁmte elem?nt method whan ﬁonfurmng elements are used, the rate of
convergence for an Elhptm problem ig determlned by the Epproxlmablhty of the
ﬁmte element space 1o the solution’ (Uéa’ 5" Lemma.) Ag a ﬂonsequenﬂe “the
‘select ion of a good finite element sphoe iy thie" “key for aohievmg ‘maxinial rate of
CONVOIZence.

There are three basic versions in the finite element method. In the % version,
“Which 15 ‘the #raditional one, the mesh size & goes 1o Z6T0 Whila the ﬁegraes of
elements are fixed. In contrast, the p version inereages tha degrees and fixes the
mesh, The A-p version combines the two and obtams eonvergenﬁe by hoth reﬁnmg
the mesh and increasing the degrees. = | | - j |

Sinoce the ~-p version considers both megh and degree distribution, it is more
edvantageous in the approximability of the finite element space. It was proved in
[1]-—[3] tha.t in one—dlmensmn if the solution has a Elngularﬂsy of m"'—type ‘the best

Order of convergenne for the h—p version ig g, (“"1‘) s where N is’ the number
‘of degrees of freedom of the finite element spaoce and ¢y= (\/— 1)2=0.1715. To
sohieve this rate ef convergence a geometric mesh with the ratio g, and a linear
distribution of degrees of elements with the slope 2a—1 were used. In this setfting,
‘the elements closer to the singularity have smaller sizes and lower degrees. If the
«degrees of elements are uniformly distributed, they should be increased as a
multlpla of the number of the elements with a facior 2:::—1 whmh gives a rate

of Gonvergenae of q.-;."; (-3 . Tn 2—d.11nens10ns ‘when on a cornered. dumam
+*-type singularities of the 50111131011 will arise at the corners. It was shown in [4]
1hat when a geometric mesh is used and the degrees of elements are either optimally.
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or uniformly distributed, an order of convergence ¢~ 7"v¥ (qf >0) can be reached.
However,the rules for selecting the ratio of 'th peometrio mesh and for the inorease
of degrees of elements were not clear. '

An important property in one—dlmenmon is tha.t the ra.tlo of the gaometnn mesh
for achieving the besh convergence order is independent of the strength of the ingn-
larity, i.e. the value a. This has been called “the 0.15 rule”(theoretically 0. 1716).
It has also been guessed that this rule could be valid also for two-dimensions. In this
paper weo will show that this guess is true for optimal mesh—degree combinations.

The basic tools for implementing the A—p version are the hierarchical elements
and local mappings. In contrast with Lagrange elements and Hermit elements,
when the degrees of elements need to be incresed, one can simply add new basis
funotions to the old bagis set. The concept of hierarchical basis can go back 1o the
original Galerkin’s method. It was introduoed by [5] in' 1971 and Euggeﬂted by 6],

[7], [8] for p-version in the early 80’s. The hierarchical basis is closely related
‘with spectral expansions. And it has been twsed in- the p—verﬂwn ‘fthite element
analysis program PROBE. In this paper we will give a more detailed anslysis for
the approximation PI'GPBI"IIIBE of the ﬁmte element apa.cse ba.sed on the hierarchical
elements.

The use of local mappings is an old tectinique in the finite element calculation.
To handle the curved boundary the means of isoparameiric elements were succes-
sfully used in the » version. In this paper 8 dlElGIIEElOIl W:I].l be gwen to it in coope-
rgtion with the hierarchioal elements.:’ ' - :

This part contains seotion 1, O° hiera.rohmal elements in one-dimension and
seotion 2, the Q° hierarchical elements in $wo-dimensions (the square elemeis). The
other two sections (gection 3, (° compahble local mappings and geometric meshes
and seotion 4, the A—p method and its error analysis) are left to Part II.

~ § 1. C° Hierarchical Elements in One Dimension

- 1.1. Preliminaries
In the following, H', H* I, are used in the uaua,l sense for Sobolev spaces.
P.(z)(n=0,1, 2, «=) aTe the ﬂtandﬂrd Legendra polynomials: . .

'(m)l:W [(‘” —1)"1s {1.1.1)

For the properties of Legendre polynomials we refer to-[7], [8] and [9] The most
important properties for our discussion are listed below: - -
4% {5 (a:)} is an orthogona.l basis of Ls(—1, 1). And we have

j Pl Pl o 2?;1  dun @)

{ 0, if n#=m,
m 1 ]fﬁ::fnfz'

27 Ifu€la(—1,1), then u(m) h&ﬂ a Founer—Legandre expansion (or simply
the Legendre expansmn)

T w@~ B whe), (1.1.8)

where



