Vol. 8 No. 1 .- JOURNAL OF COMPUTATIONAL MATHEMATICS  Janwary 1988

THE MODIFIED RAYLEIGH
' QUOTIENT ITERATION"

Jiang Ern—xiong (3§ iz AR)
(Fudan University, Shangkai, Chirna)

Abstract

The Rayleigh Quotienmt lteration (RQI) ia a very popular ‘method for computing eigenpairs of
symmetric matrices. It is a special kind of inverse iteration method using the Rayleigh Quotient as

shifts. Unfortunatsly, poor initial approximations may render RQI to slow convergence or even to
divergence, In this paper we suggest two kinds of numbers each of which can be unsed instead of the

Rayleigh Quotient as a shifts in the RQI. We call the iteration using the new shifts the Modified
Rayleigh Quotient Iteration (MRQI). It has been proved that ths MRQI always converges and its
convergence Tate m cubic. _

§ 1. Introduction

- The Rayle:tgh Quotmnt Ieration is a very popu_lar mﬂthod for nomputmg
eigenpairs of symmetric ‘matrices. It is a special kind of inverse iteration method
using the Rayleigh Quotient as shifts. Let A bea N by N real symmetric matrix.,
Iis eigenvalues are Ay, A, **+, Ay, and ordered in nondecreasing order i.e. A Ay oo
<Ay. The unit wveotor m(m=1 2, -+, N) is the eigenvecior ocorresponding to
eigenvalue A,. ' '

The RQI for finding an eigenpair of A is as follows:

Pick a unit veetor z;; then for t=1, 2, -+ repeat the following:

1. Compute op={ Axy, 2¢)/ (@, wx).

2. i A—p, is singular, then solve (A4—p,)2y1=0 for unit veotor zy.s. (o,
#x,1) I8 an eigenpair of A and stop. Otherwise, solve the equation (A — p3)¥r1=24
for yua.

3. Normalize, i.e. z4,.1=

4. If |yu,a] 38 big enough, then (Pku: axe1) I8 an ﬂ.pproximata eigenpair and

1t was proved thai if lim o, =2 is an elgenventor of A, then the convergence rate

-"-I-Ili:ll

Is oubioc “*7¥. Unfortunately, when the initial vector z4 is poor, the sequence {}
will not have a limit. Although the sequenoce {g;} has a limit p, yet p may not be
an eigenvalue of A. If we give a small perturbation to the above initial vector wy,
and let z;+e be a new initial vector, then thesequence {my (w1+&)} will be
convergent. However, it converges very slowly.

The drawback of the RQI makes one consider some variants of the RQI and in
this paper we suggest two kinds of modified Rayleigh Quotient Iteration. One is
called MRQI-W and the other, MRQI-RW. The MRQI-W, MRQI-RW differ with
the RQI only in the shifis.
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The MRQI-W runs as follows:

1. Pick a unit vector oy, 1> k.

2. Compute py= Az, 23), ‘T'E—A% Pk-"’k: by = ﬂﬁﬂ

8. If b;< s then goto b. _

4. Oompute By= (.A.G‘:,;, ".";;) /.bk,*dk-——‘ Qﬂk_pn)/z,

— (sign dy) bi/ [ld| + (di+ ) 7]
~ Solve (A~ aml)a@,.i—-'rm for 3,4, where the number z; makes |wys]=1. 17+1

~»k goto 2. )

6. (o, mp) is an approximate eigenpair of A.

The MRQI-RW runs as follows: |

1. Piok a unit veotor #3, 1 > &%.
. 2, Compute py= (A, wn), fn—ﬁ—’bk Pielks br‘ [7i].

8. If by<e then goto 5.

4. Compute ap= (Ar, 74) / bz, dv=(ax—pr)/2,

= “ -A*?'J.;"—Wﬁ‘—bﬁ%"z"bm
Ok = Pr; lf Qbk{ﬂk:
O = oy = Py — (Ellgndm)b /[[d;,{ + (di+b3) V], if 2b2>cl.

Solve (A —0x ) a1 = Tm for .1, Where the number 'r;, ]Itakﬁﬂ Hmk{,il =1. *+1
—>& goto 2. ' B T S

5. {pn, o) 18 an a.pproxmate eigenpair of 4.

In this paper it is proved that the sequence {(p,,, a:;,)} pmdnﬁed b}r MRQI—W.
or MRQI-RW always converges t0 (A, %), an eigenpair of A, and the rate of
convergence is almost cubio or oubic respectively. Estimates of the bﬁund of lp,, Al

and sin @, are also given, where cos &= (s, ¥.)- o
The norm and inner produet (&, ¥) are in tha ﬂense of ﬂpaﬁe I, The vector Hc; is
the ¢—th column of identity maitrix of order V. > -

§2 Mam Results

l' 3 L

Let {3} be a réal number sequence. We uall the following algorithm MRQI-

{Ei} ’ : :M.f‘i-—ﬂ{ § %, s 'L'
1. Piock a unit veotor aa, 1—3-k s

3. Compute py= (Awy, ), 4= Ay~ puts, bx—ll‘-"ml
ﬂk-—(-ﬁﬁ: ‘Tk)/b Ux ﬂﬁ'ﬂk Mn—bmkaﬂ/bna T
8. If b,< s then goto b. ' )
4. Solve equation (A — aﬂ)m;,{.i-—'rm for a;g.,_l Tha number 7; Mmakes ﬂm;,.,_l'[l ——-1
k+1-—>k goto 2.

5 (Pb.l mi‘r) 18 an 3pprﬂxlmﬂ-tﬁ Blgenpﬂll' Gf ..A. a-ﬂd E.bﬂpt e _l'["l_--i G | .i s | g4 sl
When g,=wy=p— (sign dy)bi/ [{d] +(d%+ p2)1/a] MROI { e} is MRQI—W an d
whel{'u o |

il g B 25,,-::% a,nd d o=, = o if 2bimad

MRQI‘“{B];} is MRQI-'RW
For any initial vector o, there is an orthogonal matrix

W = [, 39, sey, 8y



