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Abstract

L Whumatudy the oscillation of a physical system near ity eguilibrium anfl 1gnora dissipative .
offects, we may assume it is a linsar Hamiltonian system (H-system), which possgsses a spocial
gymplectic structuzre. Thus there arises a question: how to take this structure into account in the
approximation of the H-system? This question was first answered by Feng Kang for finits dimensional
H-systemsli-4],

We will ir this paper discuss the symplectic difference schemes preserving the symplectic
structure and its related properties, with emphasis on the infinite dimensional H-gystems.

In the first section we propose the notion of symmetry of a difference scheme, and obtain the
equivelence between symmetries and the conservation of first integrals., In the second section we
discuss hyperbolic equations with constant coefficients in one space variable. This kind of H-system
possesses not only a symplectic structure, but also a unitary structure. Our result is that a difference
scheme is sympleetic iff its amplification factors are of modulus ons. In the third section we discuss
symmetric hyperbolic equations with constant coefficients in ‘several 'space variables. Although the
antisymmtric operator of the symplectie structure is not invertible in that case, wo obtain a similar
conclusion. In the fourth section, we propose the notion of muliiple-level symplectic difference
schemes Finally, we derive the generating function for K-symplectic transformation, and construct &
DS for a hyperbolic equation with variable coefficients using the generating functions.

§ 1. Symmetries of Difference Schemes

a) Oonsider a linear Hamiltonian system with guadratic Hamiltonian H (z) ==
1

_T e
2zAz.

-1
dt =-J 142, (0)

I,
where J —[ {.)I 0] and 4 is a 2n X 2n symmetric matrix, and a difference scheme

=g (T A2, (1)

Definition. We soy (1) 48 a symplectic difference scheme &f the malrées
¢=p(J14) is a symplectic mairiw. |

Now we perform a canonical coordinate iransformation z— w:z=Pw, and the
H-system written in the new coordinate w ig

& _ 7-1P* 4Pw - 2)

and the scheme (1) i8
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w™ = P (J1A) Pu®™. | (3)
Now we construct the difference scheme for the H-system (2) ’
o w"tt=(J2PTAP)w”. (4

Then there arises a' problem: Is scheme (3) equivalent %0 soheme (4)? The

answer leads to the notion of symmetry.
" Definition. We say a scheme (1) é¢ énvariant under & group G of linear

symplectic transformations ¢f
P-1(J1A) P=¢(J ' PTAP)
for all A symmetric and all PEG.
Another question of interest is: If a quadratic form f (2) ==-%- 2"Bz is a firsh

integral of the H—system, is it conserved by scheme (1), i.e.,
| | f@) =fE")
for all 21 =ch(J14)2™? :
Ezample 1. Euler’s mid—-point scheme __
| | oM+l _ g J LA (z"’"” +27™) /2), (5)
‘where 7 is the time gtep, is symplectic and is invariant nnder the fnll symplectio
group S,(2n). All the quadratio first integrals are conserved by the scheme (6)™.

Theorem 1. Let the quadratic form f(2) ==-%—- 2" Bz is @ first integrab of the H~
sysiom (0), G =exp (tJ2B) is the phase flow of the H-system with Hamitonian f(2),
the soheme (1) ée sympleciso. Then f és conserved by (1) ¢ff (1) é8 énvariant under the

phase flow G*.
Proof. By definition,

(G PSP A)E = $((@) T 2AGH) = p(J2(G")Ax"), (62
f is & first integral of the H-system. By the Noether theorem, (G¥)TAG*=A, Thus i
follows from (6) that | __ |
(@) -1(T A =¢(J14), or (L) F =GP '4).

Taking darﬁaﬁva at §m=0 and making use of -d%- 5 "dGi—J ~1B, we obtain

(H(J ;iA) VB (J-2A) = ($(J*4) YOI qS'(J' AT 1B = JJ "_1B = B,
Thus the symmetries imply conservations. ) |
Now we aggume conservations, i.e, (¢p(F 24))"B(J*4)=B. Then
JB((J4)) =$(T2A)T B,

and
& (J~2A)exp(J2Bt) =exp (JiBO)STEA).
Example 2. The generalized Enler scheme
7t 1= ch(zJ "1 A)2™, where ¢, (A) is the p—th diagonal Pade approximant of expA,
is invariant under S,(2ny. Hence all the first integrals of quadratic form. are

conserved by the difference scheme™: 4. .
b) We will generalize the above notion to the nonlinear Hamiltonian system:



