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Abstract

Tn this paper, we first establish the quadrature formulae of proper integrals with weight by
trigonometric interpolation. Then we use the method of separation of singularity to derive the
quadratnre formulae of corresponding singular integrals with Hilbert kernel., The trigonometric
precision, the estimate of the remainder and the convergencs of each quadrature formula derived here

are also established.

§ 1. Introduction

We shall congider the numerical evaluation of singular integra.ls' with Hilbert
kernel of the form

1(f, &)= |, w@®f Detg 5 (t-a)dt, w€L0, 2), (1.1)

where w(?) is a given non—negative function with period 2z which is known as the
weight function, and f(¢) is a function with period 2x. w(#) and f(#) are assumed
further to be Holder—continuous for the existence of (1.1)™,

The investigations on numerical evaluation of singunlar integrals with Cauchy
kernel are rather complete® %, But the results of invesiigations on numerical
evaluation for singular integrals with Hilbert kernel are not many up # now,

except for some special cages.
In 1974, M. M. Chawla and T. R. Ramakrishnan discussed the numerical

evaluation of (1.1) for the case w(¢) =1. They assumed that f(z) is a 25’5-*1)91‘10[110
function analytic on the rectangular domain D,={z, 0<Re(2) <2w, —r<Im(z)<r,
r>>0} with the boundary B,, which.ds written as f € AP(B,). For such functions,

ovalnating directly the contour mtegral
(i) 2| [#(erotg £ (=) /ein(n) Jotg - (c—$)de
by the analyticity of f(z), they obtained the following quadrature formula®™:

Ew AOLL '%‘(“”’)d‘=‘32n(f: z) +Ra(f, %), (1.2)

where
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2n—1 1

TSV f () otg = (t— ) +2xf (D)etg(na), @%by, k=0, 1, +, 2n—1,
n k=0 2
'TE' EZ'} rf(tﬁl)ctg "S‘T(til'_m) +2Wf’(ta) /H'J & =3, 0{3':2“_11'

R.(f, ®) = (4mi) ™ Lr [f(z)ctg 'jj' (z—2)8,(2z) /sin (nz) ] dz,
where = ko / 7, o
S,.(z) = Lﬁ gin (nt) ctg —%— (z—1)dt,

snd ¥’ denotes the summation for % except k=s.
In 1983, N. I. Ioakimidis rediscussed the quadrature formula (1.2) for the
purpose of numerical solution of the singular integral equation with Hilbert kernel

ay (t) +% E'y(t) ctg %(t—m) dt - E’ k(t, m)g_(t)dt=f(m), O<o<2x (1.8)

with constant coefficients ¢ and b. He extended the result of Chawla and
Ramakrishnan 1o the case that the number of nodes may also be odd. Only assuming
J €02, he obtained"®

25’!-7 n—1

(¥ sttt -y dt= 22 f(t)otg 5 (=) +2motg 3 naf @),

n
vkt k=01, <+, n—1, (1.4)
where &, =2km /n.

Toakimidis pointed out that the quadrature formula (1.4) is exact when f (1) =
sin(§8) (j=—n+1, —n+2, -, n—1), f(¢) —cos(jt) (j=—n, —n+1, +--, n). But he
gave neither the estimate of the remainder of (1.4) nor the convergence of (1.4).
Toakimidis’ method applied to the derivation of (1.4) is the method of separation of
singularity. By this method, (1.4) is converted direcily to the classical guadrature
formula for periodic functions. | .
| The investigations of the numerical evaluation of (1.1) in the case that w(t) is
a general weight function, to the author’s knowledge, have noi appeared in
literature until now. It is very natural to consider the weight function in the
investigation of the numerical evaluation of aingulai: integrals with Oauchy kernel.
In general, the weight function possesses the weak singularity at the end-points of
the interval of integration, and hence separates this singularity from the integrand.
Particularly, this separation is one of the foundations of the numezjeal method of
singular integral equations with Cauchy kernel™® ", In the singular integral with
Hilbert kernel (1.1) we require the weight w(¢) be Holder continuous. Hence its
geparation from the*function f(¢) is often thought unnecessary, but recently the
author found that the theory of numerical evaluation of the singnlar integral (1.1)
with weight w(¢) is very significant in practice. In concreie terms, the quadrature
formula (1.4) can only apply to the numerical solution of the singular integral
equation (1.3) with the constant coefficients, which is discussed by Toakimidis, For
the numerical method of general singular integral equations with Hilbert kernel, it
i & material matter to separate the weight w(¢) from the function f(#). Thus, the
quadratore formula of (1.1) is essential (this problem will be discussed in another




