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Abatract

The technigue described in [4] iz used to investigale the analyticity and to obtain gecond order

perturbation expansions of simple non-zoro singular values of & matrix analytically dependent on
several parameters.

The object of this note is t0 use the technique described in [4] to investigate the
analyticity and to obtain second order perturbation expansions of simmple non-zero
singular values of a mairix analytically dependent on soveral parameters. The
results may be useful for investigating the performance and robustUess of
multivariable feedback systems as well as design techniques (seo [3] and the
references contained therein).

Notation. The symbol €™** denotes the set ef complex m Xmn mairices and
Rm*s the get of real m Xn matrices, C*=C"" and R—R! ‘The superscript H is for
conjugate transpose, and 7' for transpose. |z] denotes the usual Euclidean vector
norm of @ and | A| denotes the spectral norm of a mairix A. |

§ 1. Singular Values of a Complex Matrix

Let p=(p1, =+, px)T and A(p) cCm*s We may assume without loss of generality
that the parameters py, «-+, Py are real and m>=n throughout this nole.
~ Let A=A(p") for some point p* €ERY, Buppose that o i8 2 singular value of A.
Then there exist two unit vectors, ¥E€C" and ¥ € €™, such thai

Av=cu, Afu=o7.

Such v, u will be called unit right and unit left singular vectors of A corresponding
40 the singular value o.

First, applying the Implicit Function Theorem we prove the following
theorem.

Theorem 1.1. Let pER® and A(p) €C™". Supposs that Re[A(p)] and
Im[A(p)] are real analytic matrio—valuwed functions of p in some neighbourhood 28 (0)
of the origin. If o1 is & simple non—2ero singular value of A(0), v, €C" and w €C™
are associated unit right and unit left singular veclors, respectively, then
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1) there ewists a simple singular valve o1 (p) of A(p) which is g real analytic
Junction of p in some netghbourhood %, of the origin, and o1(0) =oy:

2) the unit right stngular vector vi(p) and the wnit le Jt singular vector wy(p) o f
Alp) corresponding to o, (1) may be so defined that Rel[v,(p)], Im [v1(p)],Re[us(p)]
and Imfu; (p)] are real analytic funciions of p in Ho, v1(0) =, and % (0) =y,

Proof. By hypotheses there exist two unitary mairices

U=(u, Up) €Cmm, 7= (y,, V) €Crxn | (1.1)
such thas :
T3
IJE 4 (O)V‘_Ez'(ai‘ G), "32; eﬁ(m-nxmﬁi}; B az)
0 2, o s |
T P T
where o, "% w0 8nd 0y% 03> 0 for j=2, S
We set C _
A(p) =VH4 (P EA(p)V = (fn(?) tfii (p)H), ¢.1(») ER (1.8)
. F e N0 L WUATNE Reled  Tateh
and insroduce 2 vector-valued function
Sz, p) =ay (P) —au(p)z+4 22 (D)2 —2a 2 (D)7, 1.4)
where ' | |
J=(f1r, farr)?, 2= (&1, L)TEC pER”Y,
Let | | TR
Ji=@tidy, {=¢+in, =1, =1, <, p—1
and |

2= (&1, <+, bu1)T,  y=(my, or Naq) € R*L

Obviously, ¢,(z, ¥, p) and (s, y, ) (=1, -+, n—1) are real analytic functions
of real variables z, y €R*! and pE#(0), and the funciions satisfy

"Pf(ﬂJ 0: 0) =0: lubf(DJ O: 0) =O: j=1: "ty n—1. (1'5)
Since fy, <+, f._1 are complex analytic funections of the complex variables {y, «««, £, ,
for any p € Z(0), we have ([1, p. 39, Theorem 87)

dﬂt 3(??1" s Pra, 'lbir i 'yz’n-i) e ]dﬁt 3(f1: '_“? fn—i) 2

3(§1: o gﬂ—l: N1, **, 7?#—-1) - 3_(51,- e Zn—i) -
Oombining it with '

(241, 2y Jaza) % e TS0 _ _ar
(a(gi-’ Yy Cn—-i) )i’-—-ﬂ; p:p 33(0) : GH(D)I ;;’_Eﬂ _G']_I

we got

@1, =, Py Yy, o> lbn_:))' T (8 2\ 2
det 2 3 e Cli{oi—oi)?£0,
3(61’ = g"‘i’ T, **, ‘?In—i) aan T il;IE:( : 1)

Hence by the Implicit Function Theorem (see [2, p. 277] or [4, Theerem 1 .2]) the
system of equations ™ a2 o o m i



