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Abstract

In this paper we consider the finite element method for nonlinear elasticity
in the case when body force is small. The incremental method and the improved
incremental method are investigated, their convergence are proved and the error

estimates are obtained.

§1. Introduction

In the present paper we discuss the system of nonlinear elasticity :

{ —8i{oi; + orirwi) = fi, ,

=123 (1.1)
w; =0, o1,

where u = (uy, uz,us, )7 is the displacement vector, f = (fi, f2, fs)T is the exterior
body force, and

0i; = AEri(u)bi; + 2uE;(u) + o E),
while
G
E(u) = %(VHT + Vu + Vul Vu). (1.2)

We confine ourselves to the case when body force is sufficiently small. Hence
we may suppose (see §5 for details) :

Oiy = I\Ekk (u)ﬁij # 2}1Eij (u) (113)

There are some mathematical results about the system (1.1). Especially, Cia-
rlet and Destuynder [1] proved the existence and uniqueness of solutions for (1.1)
when f is sufficiently small. Bernadou, Ciarlet and Hu 2] proved the convergence of
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semi-discrete incremental methods for (1.1) in the case when f is sufficiently small.
Ciarlet [3] summed up these results. These theoretical results and the wide applica-
tion of finite element methods have promoted the investigation of the finite element
methods for solving (1.1).

The present paper proves the existence, the uniqueness and the convergence
of the finite element solutions and the convergence of the incremental methods for
(1.1) under the condition that 32 has certain smoothness and f € (W*((1))3 is
sufficiently small. Error estimates of the incremental methods are also given.

In the present paper we assume that {2 C R® is a bounded connected open set
with 311 sufficiently smooth and consisting of finite disjoint simple closed surfaces.

Let {1), C (1, A > O, be regions composed of a finite number of polyhedrons. To
each 1, there corresponds a regular triangulation {cf. Ciarlet [7] ). We assume that

(1), satisfy max dist (z,311) < kh?, where k > 0 is a constant which only depends
zE3M,
on {1l.

For convenience, let W'?(1) denote (W1#(1))*, C(f1) denote (C(£2))*, ¥ (D)
denote (H3(1))3, etc.
Denote

- {u & C(@)]ulma, = 0, ulx € A(K),VK € J,.}

where P(K) is the set of polynomials of second degree defined on K.
In §2 we will review some theoretical results about the system (1.1). The

proofs of these results may be found in Chapter 2 of [3]. Some of the results are
given in a more generalized form, but the original proofs remain valid if we note the

results of Agmon, Douglis and Nirenberg [4].
In §3 we will investigate such properties as the existence, the uniqueness and

the error estimates, etc. of the solutions of the corresponding variational problem
of (1.1), when the problem is confined to the finite element space V), .
In §4 we will investigate incremental methods, and their convergence and the

error estimates.
In §5 some additional notes on ¢;; are given.

§2. Some theoretical results

We write (1.1) in the form of an operator

A WrHRR(O) A Wy (1) — Wm™P(0),

- Au=f,
A'(0) denotes the Fréchet derivative of A at 0. Let

(2.1)

e(u) = }(VuT + Vu),
&:5(u) = Aerk(u)6;; + 2uei; (u).



