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Abstract

Asystem E:C" — O™ is said to be an exponential one if its terms are ae'™iE

ei™mnZa  This paper proves that for almost every exponential system E:C" — C" with
degree (q1, - *19n), £ has exactly H?=1[2Qj) zeroes in the domain

D={(Z1,*",ZH)EC"I Z_,'=Ij+1:yj, e y; € K, 0< z; <2, '=1,--~,n},

P
and all these-zeroes can be located with the homotopy method.

§1. Introduction

Let E: C* — C™ be an exponential system, where C" is the n-dimensional complex
space. By an exponential system, we mean that each term in every equation is of the form

im 21 IMuln (1.1)

ae - € ;

wherei =+/—1,a i3 a complex number, Z; a complex variable, and m; an integer. For each
term in each equation, consider the sum Iy | + -+ ||, Let g5 be the maximum sum in
equation 7. We assume g; = 0 for all 5. We call g; the degree of E;, and (g1, - , gr) the
degree of the system E. In this paper, let

D={[Zl,--—,Z“]€C“: Z; = zj + Y5, T y; € R, 0 < z; <2m, j=1,---,n},

Let E: C™ — C™ be given as above. Now, we distinguish certain coefficients of E. Let
ax; be the coefficient of term S4:%5 in E,, and bg; the coefficient of the term e™*9* %i in E;

for k,j = 1,---,n. Let A= ((ak;)|(brs)) € 27" Define B to be the other coefficients of
the terms with degree gi m E, foralk=1,---,n. Let g; be the constant term of E; for
i=1,---,nand a= (a1, " a,) € C™. Let b be o1l coefficients of E other than a, A and
B. Then (a, A, b, B) uniquely defines E. We write E as E(:,a, A,b, B).

Utilizing homotopy methods, this paper studies zero distribution of exponential systems.
Section 2 discusses numbers of the zeroes of the systems. Section 3 applies the results to
triangular polynomial systems. Section 4 explores the relationship between exponential
systems and polynomial systems, and points out that 1t 's unreasonable to transform ex-
ponential systems into corresponding polynomial systems for the purpose of locating all
" isolated zeroes. Section 5 contains several numerical examples.
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§2. Main result

Lemma 1Y, Let . gn x g™ _, R? be a smooth mapping. Suppose 0 1s o regular
value of H. Then for almost all g & R™, 0 1s a regular value of H(,a): R® — RP.

Lemma 2i1. Suppose F : C* — C" s an analytic mapping. Regard F as a real
mapping F : R?" — R?™ in the way of dentrfying (Z,, -, 2,) with (z,,y,, - o B )
where Z; = z; + 1Yy, L= /-1 Bis i € R Jor 9= L voom. Then Bhe real Jacobian
determinant detdF /3(z;,y,, "3 Tn, Yn) 15 nonnegative everywhere. Furthermore, if 0 45 q
reqular value of F, then the determinant 1s positive in F~1(0).

Lemma 8121, fqp g . pn X [0,1] = R"™ be a smooth mapping. Suppose 0 13 a regular
value of H. Then for any curve A(s) = (z(s),¢t(s)) in H~1{0),

Sgn f(s) = sgn det %E[A[s)) for all s
z

or
. aH
sgn t(s) = —sgn det EE(A{S)) for all s |

where s 1s the arc length.
Let E be an exponential system with degree (g, - - - ¢n), and define an auxiliary mapping
Eo = (Eoy, -, Bon): C™ — O™ by

Fo;(Z) = 4% 4 =055 o 1=1,---,n.

It is clear that E; has exactly IT7. , (2g;) zeroes in D and 0 is a regular value of E,.

Define homotopy H : C™ x [0,1] — C* by
H(Z,t) = tE(Z) + (1-¢t)Ey(Z) . (2.1)

Then H(-,0) = Ey(-) and H(: 1) = E(-). The following lemma is direct from Lemma 1.

Lemma 4. Assume H as in (2.1}). Then for ali A,b and B, and for almost all 4 o
0 15 a regular value of H. |

We say H is regular if 0 is a regular value of H. Fix a € C™ such that H is regular. Then
H~1(0) is a one-dimensional manifold. By Lemmas 2 and 3, for any curve A(s) = (Z(s), t(s))
of H=1(0), t(s) is a monotone function of s. So we can write A(s) as At) = (Z(¢),t),0 <
t < 1. Hence, we have '

Lemma 5. Assume H as above. Then H™1(0) consists of four kinds of curves as follows
(shown in Fig.1): '

(1) curves of finite lengths starting at C™ x {0} and ending at C™ x {1},

(2) unbounded curves with only one boundary point in C" x {0};

(3) unbounded curves with only one boundary point 1n C™ x {1};

(4) unbounded curves in C™ x (0,1).

Now, we prove that for almost all A e @ H ~'(0) is bounded. F Irst, we give some
definitions. Let E be an exponential system with degree (91, -,4,). Let s = (81, ,8,) €
{1,-1}". Define Z; = %% for § = l,---,n. Then E(Z,a, A, b, B} becomes a mapping
E,Z,a,A,b, B) that consists of the terms like a 274 - 2™, Let PR, = (PE,;, -, PE,,.)
be the polynomial part of E,(-ya, A, b, B). That is, PE,{Z) consists of all polynomial terms
like aZ™ L (my; > 0 for 5 = L,.--,n) in PE4(Z), k = 1,. ,n. We call PE, the
polynomial system of £ with respect to s. It is clear that the degree of PE, is (g1, -, In)-
Since the number of the elements of {1, —1}" is 2, we have 27 different polynomial systems
PE,, each of which has a different s.



