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Fairing of Parametric Quintic Splines
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Abstract. In this paper, we gave a fairing algorithm for parametric quintic spline curves. This new
algorithm gives a clear modification to the bad point's position, tangent vector, and second tangent vector.
We also proved that this algorithm is of energy optimization.
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1. Introduction

In the field of curve fairing, there are two main problems. One is how to quantify the fairness of a curve,
which tends to be a divergent problem. Nevertheless, according to the principle of energy optimization [1], a
beautiful design is often simple in shape. In this paper, we take the energy criteria as a tool to judge the
curve's fairness. Another problem is the methods of fairing. Usually, fairing methods can be classed as
interactive and automatical ones. In general, automatical methods can obtain a faster approximation to an
optimum than interactive ones [2]. Automatic fairing algorithm can also be further classified as local or
global fairing methods. Global ones have better global fairing result, but it is time-consuming because of its
large calculations. Local ones only have local fairing effect but they are quickly to perform. In parametric
spline fairing, Kjellander proposed a local fairing method to uniform parametric cubic splines [3]. Poliakoff
extended the mehod to non-uniform parametric cubic splines [4], and later an automatic fairing algorithm
was presented [5]. In our other paper [6], we improved Poliakoff's fairing algorithm to cubic parametric
splines by changing the bad points' position and its tangent vector.

In this paper, we present a local fairing algorithm for quintic parametric splines. The bad control points
are modified using a local energy optimization. The paper is organized as follows: in section 2 we gave the
fairing algorithm to parametric quintic spline curves; in section 3 we presented a simple example; in section
4, we gave the conclusion.

2. The fairing algorithm to parametric quintic spline curves
We suppose that for some integer n , a parametric quintic spline curve passes through data

points{P (t,r.r r")}?zl. Then it is assumed that the curve needs to be faired at one bad data point P, for

some k(1< k < n). Suppose a point on the i"™ segment of the quintic spline can be rewritten as

t,—t =4, i=1.,n-1. (1)

i+1?

5 )
t)=>a,(t-t), t<t<t
j=0

If the end conditions are r(t)=r,r'(t)=r\r" () =6"r(t,) =6, (t,)=r. ) =r " te

a; ; are given by
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o =r.a,="3a, :%’ai,s :%(10131 —4b,A, +%b3Ai2);
| @
1 2 1 1 .,
%4 = E(_]'Sbl +7b,A; —bA7), 85 = E(Gbl —30,4, +Eb3Ai )-
Where bl:ri+1_ri_ri,Ai IAzb _r|+1 I'I—I’I"Al,b —m1_ r’
2
Now we use W = CI ) dt to appropriate the curve's internal strain energy. And according to

our fairing criteria, the smaller the curve's energy is, the more fair the curve is, to fair the curve by modifying
the bad point P is equal to minimize the curve's strain energy. We'll give our fairing algorithm by

minimizing the curve's strain energy in the following.

Since r"(t)=2a,,+6a,(t—t)+12a ,(t-t; )2+20a. (t—t, )3, so the i™ section curve's strain

energy W, is W, = CJ- r( )dt—Cj'“[Za,erGals(t t,)+12a,, (t—t,) + 204, (t - t)}dt.

! 14

From equal (2), we can see @&,,d,,3;,,85 including r,r, K r’

i,471 PR T il il

r”

i+1

not including

r. Iy, /(K #1,i+1). In other words, only the control points P, P, can affect the i"™ section curve's strain

i+l

energy W,. By contrast, if we change the control point P, only, the k —1™ k™ section curve's strain energy
W,_,, W, will be affected and all other W, (i = k —1,k) will be unchanged. So W, (new) =W, (i =k —-1,k).
Let AW denote the variation of the curve's energy W (new)—W . Then
AW =W (new)-W = Z( (new)—W, ) =W, _, (new)—W,_, +W, (new)—W,.
For conference, we give the following signal:
{P (t,r.r, r,)}n ~ the primitive data points
{Pi (t;,r(new),, r/(new), r; (new))}in:l ~ the modified data points
r (t) ~ the primitive interpolating spline curve
r(new)(t)~ the new interpolating spline curve.
AP, = (8, .7, &) ~ the change of P
8, =(,,0,,0,) ~ the change of the position of P,
. = (1.1, 1,) ~ the change of the first derivative of B
&= (& &,ri &,r) ~ the change of the second derivative of B
Now we give our algorithm: B, (new) = P, + AR, that is
r(new)=r, +6,
re (new) =r, + , (3)
. (new)=r"+¢&

Where

JIC email for contribution: submit@jic.org.uk



Journal of Information and Computing Science, 1 (2006) 1, pp 21-28 23

3A3 B
5rk :3 AkAk—l 3 |:_Cl+§Akl Ak CZ + 5 C3i|
Biaeafl 18 s A

5 (Ak _Ak—l)AiA§*1 Z(Ak_]_ _Ak) 5 4
M, =>; 3 1t C,+ Cs
k24 (Ak +Ak_1) AA KPk-1

2 AIAZ, {C LB AL _3(7A§ +7A§71+18AkAH)C }
1 3

é:rk” =5
3 ( A, + AH)?’ 16 AA,, ° 16 AZAZ
And
240
C, :12(ak‘3 _ak—1,3)+ 24(ak,4Ak _ak—l,4Ak—l)+ (ak 5A2 a 1,5AE71)
24 96 64 176
Cz = _4(a‘k,2 o ak—l,z) + 12ak—1,3Ak—1 + ? ak,4Ai +— ak—l,4A§—l + 7 ak,SAi +— ak—l,SAi—l
2 6 8
C;= g(amAi + ak—l,4Ai—l) + 7 ak,SAﬁ + 7 ak—l,SAﬁ—l

Lemma. Changing B, to P, (neW) , all other points unchanged, the change of internal strain energy is
W’ -w =Cl(5, ,n,.&;) (5)

240
R

I (5rk 1y "f" ) [12( k3 1,3)+ 24(ak,4Ak _ak—1,4Ak—l)+ a, sAf —a, 1,5A§1)]5rk

i 24

176
+ _4(ak,2 BCIEP ) + 12ak—l,3Ak—l + ?amAi

64
7 — & 15A3} .

96
Ha e+

2
5 ak 14Ak -1

[ 2 6 8
+ g(akAAi + ak—l,4Ai—1) + 7 ak,SAi + 7 akl,SAilj| ‘frﬁ

+| 120 %+% % St 1 n’ +3(AH+AK)§2
7 AT AL )T T ss (A AL )R 35 .

L W I PSS SN PO
7 A2 AT TlA A )

Proof: For 1<i<n-1, W, (new)= Cj'“ new)(t))zdt, noticing r (new)(

a

_
(&)
[u—

and
r"(new)(t)=2a,, +6a,,(t—t)+12a,, (t-t )" +20a , (t-t)’.
So
. 2
W, (new) =C I:'“[Zai,z +63,5(t-t)+12a,, (t-t)" + 2085 (t-)" | dt.
n-1
As recited before, AW =W (new)-W =" (W, (new)-W, ) =W, , (new)—-W,_, +W, (new)—W, . Since

i=1

W, =C[ [ (x (O + (v (O)) +(27 (1)) =W +W, , +W,,
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where W, , :CI T(x(t )) dt, the same to W, ,, W, ,. Now suppose that P, is changed by APR,, taking

the X -component of &, ; (for clarity, we also denote it with &, ;). We can see that each &, ; is a function of

X, X, X, , but not of yk,yk,yk ;2 Z, Z, . So the change of X -component W, , (new)-W,  can be
expressed using Taylor formula.

W, , (new) (x, (new), x; (new), x; (new))-W , (X, ;)
_ka(new)(xk+5 K H T X+ S ) W, (X, X, X")
= (Wk,x (neW));k + (Wk X (new))xK nxk + (Wk X (new))xK Xk +—= |:(Vvk X (new))xkxk + (Wk,x (new));;x‘; 773,2 + (\Nk,x (new)):;x{(' 5:’('

+2(Wk X (neW))xkxk nxk + 2(\Nk X (neW))Xka X gx,z + 2(\Nk,x (new))x;xg nx; é:x; ] + RS (6><k lﬂx; !éx; )
By calculating, we can get

4 ' ’ 1
(ak’Z)Xk = (ak,z)xL :0’(ak,2)><|'<' =E
' 10 , 3] , 3
(ak’S)Xk :_E'(aka)xL :__2a(ak,3)x; :_Tk
(ak’4);k - A4 ’( k4)><k - A3 a( k4)xk -
k
1

(ak,S);(k =_A_iv(ak,5):<; = A4 ’( k3)xk = Z_Ai

Then

(W, ,(new)), =C [123*,3 +24a A + @ak,sAi}

, 24 64
W, (new))xl; =C |:_4ak,2 "'?amAi 7 — 4 5As }

, 2 6
(W, x(new)),, =C {g ak,4Ai +7ak,5A::|
240 384 BA,
new =C—, = : (new)),,, =C—%
(Vvk x( ))xkx,< 7Ai (Vvk x( ))kak 35Ak (\Nk ( )) 4 Xk 35
120
ne ne =
(Wk x( ))xkx,< (\Nk x( ))xkxk 7Ai
6
(Vvk X (neW))xkxk (Wk X (neW))xkxk
7A
22
(Wk x(new))xkxk (Wk X(neW))kak 35

Al other higher derivatives of W, , (new) to X,, X, X are zero, soR, (5 My ,§X£) is zero. Therefore,

X

JIC email for contribution: submit@jic.org.uk



Journal of Information and Computing Science, 1 (2006) 1, pp 21-28 25

W, ,.(new) (x, (new), x; (new), x; (new)) =W, , (X, X, X/ )

240 24

=C {[12ak'3 +24a, A, +Tak15A§]5Xk +[-4a,, +?akv4A§ +%ak15Aﬁ]77X&

2 ; O 4 240 384 , 6 , 240
+ = A = A 52 +  +—AE ==, n, +
|:5 k,4=k 7 k.5 kj|§xk 2||:7A3 35Ak 77xk 35 kgx; 7Ai ><k77><k

12 44
o ¢, +—n. E.,
7a, % Sw 35 My, S }}

and similarly we can get
W1, (new) (X, (new), x;_, (new), x;; (new)) =W,y (X1 X0 X¢ )

240
=C {[—12ak71'3 ~24a,, A, -

96
ak—l,SAi—lj 5xk + [4 ak—l,z + 12ak—l,3Ak—l + ? ak—l,4Ai—l

176 2 8 1| 240 384 6
+7ak—l,5Ai—lj|77x{< +[gakl,4Ail +7ak1,5A;<11]§ 5 2'[7Ai B x. T 35A, ’75; +£Ak4€gi

240 12 44
- S, A——06 & ——n &,
7AZ. W 2 A % Sxt 35nxkka}}

add the above two equals, and replace X with r, we get W (new) -W =ClI (é‘rk M Eoe ) where

240
I (é‘rk /[ ’f,kw ): |:12(ak,3 _ak—l,S) + 24(ak,4Ak _ak—1,4Ak—1)+ 7 (ak 5AZ A 15Ai 1)} 6rk
i 24 96 64 176
+ _4(ak,2 _ak—1,2)+12ak—1,3Ak—1+?ak,4Ai 5 — & 14Ai a7t ak,SAi 7 -4 15A3} n.

2 6 8

+ _(ak,4Ai "‘ak—l,ztAi—l)"'_ak,sA;1 +_ak—1,5Aﬁ—1 ’:
_5 7 7 %

+ 120 —+ g 5; +192 i+ ! n° + 3 — (AL +A)E
I 7 A AL 35(A, A )% 35 ®

130( ER jark.,,rk,+§(i+ L J@ké}
Ay Ay T\A Ay

Theorem. Assume a parametric quintic spline curve passing through points {P(t,,r,,r,,r,')} R
A =t,-t>0,i=1..,n-1. We also assume that only one bad point B, (L<k <n) requires to be
modified, and all other points are good. Changing B, to F’k(new), the new curve interpolating

{Pi (new)(tI T, (new), r/(new), r"(new). )}: is of energy optimization.
Proof: From the Lemma, the change of the internal strain energy is W (new)-W =CI (é'rk My ,frkﬂ) :

Let
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I 5r ’nr"gr" :0
( ( k k k))é-'k
1(6,.1n.,&.)) =0
(16, m8))
1(8, .,3,.£.)) =0
(106 m06:))
that is
c ZL(%+ g};{k @(12_ ) ],,rk, 9(; ) jgrk,,:o
Ay A 7 A Ay A AL
CZ % i2_ 1- §r +384 i L n., =
7T\ A AL, )Y 3B A AL
6 1 1 6
+=| — O +—(A +A, )&, =0
3 7[Ak Aklj It 35( k-1 k)grk
SO
3A3
5rk 23 Al 3{_C1 ot 2 Cs}
15 (Ak—l_Akfl) 16 AA L AA
_5 (Ak_Akfl)AiAifl C Z(Ak—l_Ak)C 5 C
nrl; o 3 Lt AA 2+A 3
(Ak+Akfl) kSk-1 A
2 AAZ, 25 (A —A) 5 (TAT+7AL +18AA, )
“T3 T WA TY AZAZ C
(Ak-l-Akfl) kP k-1 kPk-1
Also because the Hession matrix of |,
240[i+ 1j 120[i_ 1} §(i+ 1]
(L) (L), (L), TAy AL T AL AL T A A
Xk Ox Xk T Xk Xk
" " 120( 1 1 384( 1 1
H(l )=]|(I | | = —| —-— — —+ 0
(1) (X):'x'k% (X):Vx'k”xk (X):'xkfxa 7 [Aﬁ Ailj 35 (Ak Ali
(h)ss, (W), (1)
gx[;‘sxk ‘fx[;”x[( ‘fx[;’:x[’( E i_'_ 1 O E(Ak_l—f-Ak)
7\A, A 35

1)

X

is positive. So (

e ,fxﬁ) is the only minimum value of W, (new)—W, . Then (é'rk A, ,§rk”) is the only

minimum value of W (neW) —W . Therefor, we say the new curve is of energy optimization.

Corollary. Especially, to uniform quintic spline curves, with all A, =1,(i=1,2,...,n-1), the fairing

algorithm is P (new) =B, + AR, AR,
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1 13 11 9 10
5rk = _g(akvs ‘ak—m)*@am ‘@ak—m +ﬁak,s ‘2_13k—1,5
35 35 7 7 5 55
M, = @(ak,z —a_4,) ~ o1 13737 Ma g M4 T A5 T H1s
2 10 20
Sy = (ak,3 _ak—1,3)+§ak,4 3 %43 Kas

3. Examples

Numerous of fairing examples showed that this new method is valid. In this section, we gave a simple
example to illustrate this validness.Fig.1 is the primitive interpolating curve. Fig.2 is the curvature figure
corresponding to Fig.1. It is easy to judge from Fig.2 that Fig.1 is not fair. Fig.3 is the figure interpolating
data points faired by our method. Fig.4 is the curvature figure corresponding to Fig.3. Clearly, our new
fairing method is very valid.

Fig. 2

Fig. 3
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Fig. 4

4. Conclusion

In the fairing of parametric spline, Kjellander and Poliakoff composed their fairing methods to cubic spline
curves. In this paper, based on energy criterion, we give a new fairing algorithm to quintic spline curves. The
new fairing algorithm not only changes the bad point's position but also changes it's tangent vector, second
tangent vector. We also proved the new algorithm is of energy optimization. Numerous examples show that
this algorithm is valid.

In future, we'll extend this algorithm to other spline curves. What's more, as the application of surface is
more broadly than curve, we'll devote ourselves to the fairing algorithm of the surface.
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