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Abstract. In this paper, we gave a fairing algorithm for parametric quintic spline curves. This new 
algorithm gives a clear modification to the bad point's position, tangent vector, and second tangent vector. 
We also proved that this algorithm is of energy optimization.  
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1. Introduction  
In the field of curve fairing, there are two main problems. One is how to quantify the fairness of a curve, 
which tends to be a divergent problem. Nevertheless, according to the principle of energy optimization [1], a 
beautiful design is often simple in shape. In this paper, we take the energy criteria as a tool to judge the 
curve's fairness. Another problem is the methods of fairing. Usually, fairing methods can be classed as 
interactive and automatical ones. In general, automatical methods can obtain a faster approximation to an 
optimum than interactive ones [2]. Automatic fairing algorithm can also be further classified as local or 
global fairing methods. Global ones have better global fairing result, but it is time-consuming because of its 
large calculations. Local ones only have local fairing effect but they are quickly to perform. In parametric 
spline fairing, Kjellander proposed a local fairing method to uniform parametric cubic splines [3]. Poliakoff 
extended the mehod to non-uniform parametric cubic splines [4], and later an automatic fairing algorithm 
was presented [5]. In our other paper [6], we improved Poliakoff's fairing algorithm to cubic parametric 
splines by changing the bad points' position and its tangent vector. 

In this paper, we present a local fairing algorithm for quintic parametric splines. The bad control points 
are modified using a local energy optimization. The paper is organized as follows: in section 2 we gave the 
fairing algorithm to parametric quintic spline curves; in section 3 we presented a simple example; in section 
4, we gave the conclusion. 

2. The fairing algorithm to parametric quintic spline curves  
We suppose that for some integer n , a parametric quintic spline curve passes through data 

points ({ } 1
, , ,

n
i i i i i i

P t
=

′r r r'' . Then it is assumed that the curve needs to be faired at one bad data point  for 

some . Suppose a point on the  segment of the quintic spline can be rewritten as  
kP
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Now we use  to appropriate the curve's internal strain energy. And according to 

our fairing criteria, the smaller the curve's energy is, the more fair the curve is, to fair the curve by modifying 
the bad point  is equal to minimize the curve's strain energy. We'll give our fairing algorithm by 
minimizing the curve's strain energy in the following. 
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 For conference, we give the following signal: 
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′r r r'' ~ the primitive data points 

({ )} 1
, ( ) , ( ), ( )

n
i i i i i i

P t new new new
=

′r r r'' ~ the modified data points 

( )tr ~ the primitive interpolating spline curve 

( )( )new tr ~ the new interpolating spline curve. 

( , , )
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Lemma. Changing  to ，all other points unchanged, the change of internal strain energy is kP (kP new
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t where , the same to , . Now suppose that  is changed by , taking 
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Theorem. Assume a parametric quintic spline curve passing through points ( ){ } 1
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Also because the Hession matrix of xI  

( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

3 3 2 2" " "
1 1

" " "
2 2

1
" " "

240 1 1 120 1 1 6 1 1
7 7 7

120 1 1 38
7

x x x x x xk k k k k k

x x x x x xk k k k k k

x x x x x xk k k k k k

k k k k k kx x x

x x x x
k k

x x x

I I I

H I I I I

I I I

δ δ δ η δ ξ

η δ η η η ξ

ξ δ ξ η ξ ξ

′ ′′

′ ′ ′ ′ ′′

′′ ′′ ′ ′′ ′′

− −

−

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
+ − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛ ⎞ Δ Δ Δ Δ Δ Δ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎜ ⎟
⎛ ⎞⎜ ⎟

= = −⎜ ⎟⎜ ⎟ Δ Δ⎝ ⎠⎜ ⎟
⎜ ⎟
⎝ ⎠

1−

( )

1

1
1

4 1 1 0
35

6 1 1 60
7 3

k k

k k
k k

−

−
−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞⎜ ⎟+⎜ ⎟⎜ ⎟Δ Δ⎝ ⎠
⎜ ⎟

⎛ ⎞⎜ ⎟
+ Δ⎜ ⎟⎜ ⎟Δ Δ⎝ ⎠⎝ ⎠5

+ Δ

 

is positive. So ( ), ,
k k kx x xδ η ξ′ ′′  is the only minimum value of ( )x xW new W− . Then ( ), ,

k k′ ′′kr r rδ η ξ  is the only 

minimum value of . Therefor, we say the new curve is of energy optimization. ( )W new W−

Corollary.  Especially, to uniform quintic spline curves, with all 1, ( 1, 2,..., 1)i i nΔ ≡ = − , the fairing 

algorithm is , ( )k k kP new P P= + Δ ( ), ,
k kkP ′ ′′kr r rΔ = δ η ξ . Where , ,

k k′ ′′kr r rδ η ξ are expressed as  

JIC email for contribution: submit@jic.org.uk 



Journal of Information and Computing Science, 1 (2006) 1, pp 21-28 27
 

( )

( )

,3 1,3 ,4 1,4 ,5 1,5

,2 1,2 1,3 ,4 1,4 ,5 1,5

,3 1,3 ,4 1,4 1,5

1
5

35 35 7 7 5 55
192 64 32 8 12 48

13 11 9 10
30 30 14 21

( )

2 10 20
3 3 3

k kk

k

k k k k

k k k k k k k

k k k k k

−

′′

− −

′ − − −

− − −

⎧
− + − + −⎪

⎪
⎪ − − − −⎨
⎪
⎪

= + − −⎪
⎩

= −

= − −

−
kr

r

r

a a a a a a

a a a a a a a

a a a a aξ

δ

η −
 

3. Examples  
Numerous of fairing examples showed that this new method is valid. In this section, we gave a simple 
example to illustrate this validness.Fig.1 is the primitive interpolating curve. Fig.2 is the curvature figure 
corresponding to Fig.1. It is easy to judge from Fig.2 that Fig.1 is not fair. Fig.3 is the figure interpolating 
data points faired by our method. Fig.4 is the curvature figure corresponding to Fig.3. Clearly, our new 
fairing method is very valid. 
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Fig. 4 

4. Conclusion  
In the fairing of parametric spline, Kjellander and Poliakoff composed their fairing methods to cubic spline 
curves. In this paper, based on energy criterion, we give a new fairing algorithm to quintic spline curves. The 
new fairing algorithm not only changes the bad point's position but also changes it's tangent vector, second 
tangent vector. We also proved the new algorithm is of energy optimization. Numerous examples show that 
this algorithm is valid. 

In future, we'll extend this algorithm to other spline curves. What's more, as the application of surface is 
more broadly than curve, we'll devote ourselves to the fairing algorithm of the surface.  
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