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Abstract. The objective of this paper is to deal with the analytical properties of credibility critical value
functions. Based on the continuity of credibility functions, several sufficient and necessary conditions for
some properties of the credibility critical value functions are established. The results obtained in this paper
can be used to fuzzy optimization problems as we design algorithms to compute the critical values of objective
functions.
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1 Introduction

Since Zadeh’s work [17], possibility theory was being perfected and extended by many researchers such as [1,
3, 12, 15, 16], it became a strong tool to deal with possibilistic uncertainty. In literature, many successful
applications can be found in the field of fuzzy optimization such as [2, 8, 9, 10, 14]. Based on possibility
measure, a self-dual set function, called credibility measure was introduced in [6], which can be regarded as
the counterpart of probability measure in fuzzy decision systems. Based on credibility measure, an axiomatic
approach, called credibility theory [7], was studied extensively. From a measure-theoretic viewpoint, credibility
theory provides a theoretical foundation for fuzzy programming [8], just like the role of probability theory in
stochastic programming [4].

Since credibility measure is a nonadditive set function, the credibility functions related to a fuzzy variable
&, Cr{¢ > z} and Cr{¢ < =z}, are neither left continuous nor right continuous [7]. Recently, some analytical
properties of the credibility functions have been discussed in [5], and the sufficient and necessary conditions for
the continuity of Cr{¢ > x} and Cr{{ < xz}, were established, respectively. Based on the continuity of the
credibility functions, our goal in this paper is to discuss the properties of credibility critical value function of a
fuzzy variable.

This paper is organized as follows. In Section 2, we recall some basic concepts in credibility theory and some
results on the credibility functions which will be used in the rest of the paper. Section 3 deals with the properties
of the credibility optimistic value functions. In this section, we first discuss the conditions under which the
inequalities Cr{& > &up(@)} > a, Cr{€ > &up(@)} < a hold for any o € (0, 1]. Then we establish a sufficient
and necessary condition for the equality Cr{& > &up()} = . At last, a sufficient and necessary condition for
the continuity of &, (o) with respect to « is obtained. The corresponding results of the credibility pessimistic
value functions are covered in Section 4. Finally, a brief summary is given in Section 5.
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2  Preliminaries

Let £ be a fuzzy variable with possibility distribution p : 8 — [0, 1]. It is well known that for any « € R, the
possibility of the event {£ > x} is defined by

Pos{¢ >z} = sup pu(t)- (D
Definition 2.1 ([6]) Let & be a fuzzy variable. The credibility of the event {£ > x} is defined as
Cr{¢ >z} = %(1 + Pos{{ > z} — Pos{{ < z}). ()
Definition 2.2 ([7]) Let £ be a fuzzy variable, o € (0, 1]. The a-optimistic value function of £ is defined as
Suup(@) = sup{a | Cr{€ = o} > a, 3)
while the a-pessimistic value function of £ is defined as
Gnr(@) = inf{z | Cr{€ < 2} > a). 4)

Let f(x) be a real valued function defined on #. Then we say f(z) is upper semicontinuous at x¢ if for
any € > 0, there exists 6 > 0 such that f(x) < f(xo) + ¢ for all x with |z — z¢| < . We say f(x) is lower
semicontinuous at x if for any ¢ > 0, there exists 0 > 0 such that f(z) > f(zg) — ¢ for all z with |z — 2| < d.

In addition, we have
(a) limsup f(x) = (isnf sup  f(z),

T—T0 >0 0<|z—zo|<6

(b) limsup f(x) =inf sup f(z),

a—zo+ 6>0 0<a—z0<d
(c¢) limsup f(x) =inf  sup  f(x).
T—T0— 0>0 _§<z—z9<0
More detailed properties about the upper and lower semicontinuity can be found in [11, 13].
Definition 2.3 Let £ be a fuzzy variable with possibility distribution p(x). Then we say £ is right continuous

(resp., left continuous, upper semicontinuous or lower semicontinuous) if p(x) is right continuous (resp., left
continuous, upper semicontinuous or lower semicontinuous).

Theorem 2.1 ([5]) Let & be a fuzzy variable with possibility distribution j(x). Then Cr{& > x} is left continuous
if and only if for any x € R, limsup u(t) < Pos{¢ > z}.

t—axr—

Theorem 2.2 ([5]) Let £ be a fuzzy variable with possibility distribution p(x). Then Cr{{ < x} is right contin-
uous if and only if for any x € R, limsup u(t) < Pos{{ < x}.
t

—x+

Theorem 2.3 ([S]) If fuzzy variable £ is both right continuous and lower semicontinuous, then the credibility
Sunction Cr{§ > x} is right continuous.

Theorem 2.4 ([5]) If fuzzy variable  is both left continuous and lower semicontinuous, then Cr{¢ < x} is left
continuous.

Theorem 2.5 ([5]) Let £ be a lower semicontinuous fuzzy variable with possibility distribution p(x). If

limsup pu(x) < Pos{& < zo}, and limsup p(x) < Pos{{ > x¢},

T—x0+ T—To—

then both Cr{{ > x} and Cr{& < z} are continuous at x.
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3 The Properties of Optimistic Value Functions

The intend of this section is to discuss the properties of the credibility optimistic value functions based on the
continuity of the credibility function Cr{{ > x}.

Proposition 3.1 Let { be a fuzzy variable. Then for any o € (0,1], &up(a) < oo if and only if lim Cr{{ >
T—00
x} =0.

Proof. Sufficiency: We use a proof by contradiction. Suppose there exists an «g € (0, 1] such that for any large
number M > 0, we have
gsup(QO) = Sup{l’ ‘ Cr{§ > JS‘} > 040} > M,

then we can always find an x¢ with M < z¢ < &up(ap) such that Cr{€ > z¢} > o, which is a contradiction
with lim Cr{{ > z} = 0. The sufficiency is proved.
T—00

Necessity: We also use a proof by contradiction. Suppose lim Cr{{ > z} # 0, i.e., there is a g9 > 0, for
r—00

any N, we can find an 2o > N such that Cr{¢ > xo} > £o. If we take ap = min{eg, 3} € (0, 1], then for any
N, there is an zp > N such that Cr{& > x} > «y. It follows from

gsup(aO) = Sup{ﬂf | Cr{f > l‘} > O[[)}

that &up(ag) > z9 > N, which is a contradiction with that for any a € (0, 1], &sup(c) is finite. The necessity is
proved.
In this section, we always assume that fuzzy variable ¢ satisfies lim Cr{{ > z} = 0. Thus, by Proposi-
T—00

tion 3.1, for any a € (0, 1], &sup (o) < 0.

3.1 On Inequalities Cr{¢ > &p(@0)} > aand Cr{€ > &p(a)} < o

Theorem 3.1 Let € be a fuzzy variable. Then we have

(i) Cr{€ > &up(a)} > a provided that Cr{§ > x} is left continuous at &syp(v);

(i1) Cr{€ > &up(a)} < a provided that Cr{& > x} is right continuous at &gup ().

Proof. We only prove assertion (4), assertion (i7) can be proved in a similar way. On the one hand, denote
2 = Eup(a) = sup{z | Cr{€ > 2} > a}.

Then, for any x < z, we have Cr{¢ > z} > a.
On the other hand, since Cr{{ > x} is left continuous at z, i.e.,

lim Cr{¢ >z} = Cr{¢ > z}.
rT—zZ—
Thus, for any € > 0, there exist 6 > 0 and x with —) < = — z < 0 such that
Cr{¢>z}>Cr{{>z}—c>a—e.

It follows from the arbitrary of ¢ that Cr{¢ > &up(a)} = Cr{€ > z} > «. The proof of the proposition is
complete.

Theorem 3.2 Let £ be a fuzzy variable.

(i) Cr{€ > &up(a)} > aforevery a € (0,1] if and only if Cr{{ > x} is left continuous;
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(17) Cr{& > &up(a)} < a for every o € (0, 1] if and only if Cr{& > x} is right continuous.

Proof. We only prove assertion (7), and assertion (i7) can be similarly proved.
Sufficiency: Since Cr{{ > z} is left continuous, for any « € (0, 1], Cr{¢ > '} is left continuous at &s,p ().
It follows from Theorem 3.1 that Cr{{ > &qup(cr)} > «. This proves the sufficiency.
Necessity: We use a proof by contradiction. Suppose there is an z;p such that Cr{¢ > x} is not left continuous
at xg, then
lim Cr{¢ >z} > Cr{{ > z0}.

T—xo—

Take ap = lim Cr{{ > x}. Then we have Cr{{ > x0} < ap. If we deduce
T—To—

€To = gsup(a[)) = Sup{x | CI‘{E > l’} > Oé(]}, ®)

then, Cr{¢ > &up(an)} < o, which is a contradiction with that for any o € (0, 1], Cr{{ > &up(a)} > .
We now prove Eq. (5) in the following, on the one hand, noting that Cr{& > x¢} < ag, one has Cr{¢ > z} <
Cr{¢ > z0} < ap for any > x¢. That is if Cr{{ > z} > ayo, then = < z.
On the other hand, for any & > 0, there is an z* such that zp—e < z* < zpand Cr{{ > z*} > xligl Cr{¢ >
Ckp—

x} = . Thus, by the definition of &g (), we have
o = ésup(a[)) = sup{x | Cr{f > I‘} > aO}'
The necessity is proved.

Theorem 3.3 Let & be a fuzzy variable. Then Cr{& > &qp(a)} > a for every a € (0, 1] if and only if for any
x € R, limsup pu(t) < Pos{¢ > z}.
t

—r—

Proof. Sufficiency: Suppose for any x € R, limsup p(t) < Pos{¢ > x}. By Theorem 2.1, Cr{{ > =} is left

t—xr—

continuous. It follows from (1) in Theorem 3.2 that for every a € (0, 1], we have Cr{{ > &gyp(a)} > . The
sufficiency is proved.
Necessity: Suppose Cr{{ > &gp(a)} > o for every a € (0, 1], It follows from (1) in Theorem 3.2 that
Cr{¢ > =z} is left continuous. Therefore, by Theorem 2.1, for any x € R, limsup pu(t) < Pos{{ > z}. The
t

—r—

necessity is proved.

Theorem 3.4 If fuzzy variable £ is both right continuous and lower semicontinuous, then Cr{& > &gp(a)} < «
forevery a € (0,1].

Proof. Since ¢ is a both right continuous and lower semicontinuous fuzzy variable, by Theorem 2.3, Cr{{ > =z}
is right continuous. It follows from (2) in Theorem 3.2 that Cr{¢ > &s,p(a)} < a for every a € (0, 1].

3.2 On Equality Cr{{ > &p(0) } =

Corollary 3.1 If ¢ is a fuzzy variable, and Cr{{ > x} is continuous at &sup (), then Cr{€ > &qp(a)} = a.

Proof. The corollary follows immediately from Theorem 3.2.

Theorem 3.5 Let £ be a lower semicontinuous fuzzy variable with possibility distribution u(x), and ay =

Esup (). If
limsup pu(x) < Pos{¢ < ag}, and limsup p(z) < Pos{& > ag},

r—ag+ T—ag—

then Cr{{ > ag} = .
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Proof. By Theorem 2.5, we know that Cr{{ > x} is continuous at ag = &gup(cv), then it follows from Corol-
lary 3.1 that Cr{€ > ag} = a. The proof of the theorem is complete.

Theorem 3.5 gives a sufficient condition under which the equality Cr{¢ > &up(@)} = a holds. In what
follows, we will establish a sufficient and necessary condition for the equality Cr{{ > &up(a)} = a.

Since Cr{¢ > =z} is a non-increasing function on ¥, its discontinuous points are at most countable. We
denote £ = {1, x2, -} the set of all discontinuous points of Cr{{ > xz}. For every z; € E, denote a; =
xll)g:n Cr{¢€ >z}, ¢; = Cr{€ > z;}, b = xl—l};;cn—&- Cr{¢ > z}. Then each z; € E must satisfy only one of the

following three conditions:

C1: Cr{& > x} is left continuous at x;, i.e., a; = ¢; > b;.

C2: Cr{¢ > x} is right continuous at x;, i.e., a; > ¢; = b;.

C3: Cr{& > x} is neither left continuous nor right continuous at z;, i.e., a; > ¢; > b;.

Furthermore, we decompose conditions C'1, C'2 into the following cases:

Cl.a: a; = ¢; > b;, and there exists § > 0 such that for any = with 0 < = — x; < 0, we have Cr{¢ > =} = b;.
Cl.b: a; = ¢; > b, and Cr{{ > z} < b; for all z > x;.

C3.a: a; > ¢; > b;, and there exists § > 0 such that for any = with 0 < z — x; < 0, we have Cr{{ > =} = b;.
C3.b: a; > ¢; > b;, and Cr{{ > z} < b; for all z > x;.

Proposition 3.2 Let & be a fuzzy variable, and x; € E. Then we have

(i) Cr{€ > &up(a)} > aforany a € (b, a;) provided z; satisfies Cl.a;

(i7) Cr{& > &up(a)} > a for any o € [b;, a;) provided x; satisfies C'1.b;

(13i) Cr{€ > &up(®)} < afor any a € (b;, a;] provided x; satisfies C2;

(iv) Cr{€ > &up(a)} > aforany a € (b, ¢;), and Cr{{ > &up(a)} < a for any o € (¢4, a;) provided z;

satisfies C3.a;

(v) Cr{¢ > &up(®)} > a for any a € [b;, ¢;), and Cr{& > &up(a)} < o for any o € (¢4, a;] provided x;
satisfies C'3..

Proof. We only prove (i), (i), (¢it), the rest can be proved in a similar way.
(¢) Since a; = Cr{& > z;}, it suffices to prove for any @ € (b;, a;),

Ty = gsup(a) = Sup{l‘ | Cr{€ > :U} > Oé}-

Noting that for any = > x;, Cr{¢ > z} < lim+ Cr{¢ > 2} = b; < a, which is equivalent to if Cr{{ > z} > «,
T—T;

then z < x;. Since Cr{{ > z;} = a; > a, we can obtain

Ty = fsup(a) = Sup{x | CT{£ > :U} > Oé},

which implies for any o € (b;, a;), Cr{{ > &up()} = a; > o
(7i) By the proof of (1), we only need to prove

CI‘{& > fsup(bi)} > b;.
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Since z; satisfies C'1.b, for any = > x;, we have Cr{{ > x} < b;. Noting that Cr{{ > z;} > b;, we have

LTq = gsup(bi) = Sup{x ‘ CI‘{§ > .75} > bz}y

which implies Cr{& > &gup(bi)} > b;.
(797) Since Cr{{ > xz;} = b;, it suffices to prove for any a € (b;, a;],

z; = &up(a) = sup{z | Cr{{ > z} > a}.
On the one hand, for any > x;, we have

Cr{{ >z} < lim+ Cr{{>z}=b<oa.

That is if Cr{{ > x} > a, then x < z;.
On the other hand, since lim Cr{{ > x} = a; > «, and Cr{¢ > x} is non-increasing, for any ¢ > 0, there
T—T;—

is an z* with z* 4+ ¢ > x; > x* such that

Cr{¢ > 2"} > lim_ Cr{¢ >z} > a.

Consequently, by the definition of &, (cr), we obtain
z; = Eup(@) and Cr{€ > &up(a)} = b; < o

The proof of the proposition is complete.
The following example shows when z; satisfies C'l.a, and o = b;, Cr{{ > &eup(bi)} > a = b; does not
hold.

Example 3.1 Let £ be a fuzzy variable with possibility distribution

0, ifr <0
_ 1, fo<z<1
ME) =9 06 ifl<z<2
0, ifx > 2.
Then, we have
I, ifz<0

0.5, ifo<z<1
0.3, ifl<z>2
0, if2<ux.

Cr{¢ >z} =

x; = 1 is a discontinuous point of Cr{§ > =z}, i.e, 1 € E, and it satisfies the condition Cl.a. In fact,
a; =05=Cr{{ > 1} >03 =10 = lir?+ Cr{¢ > z}, and there exists 0 < § < 1 such that for all x with
r—

0<z—1<9, Cr{{ >z} =0.3 =0b;. However, {qup(bi) = &aup(0.3) =2, and Cr{§ > 2} = 0.3 = b;.
Proposition 3.3 Let £ be a fuzzy variable and o € (0, 1], a = &qup (). Then we have

lim+ Cr{{ >z} <a< lim Cr{¢ > x}.
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Proof. On one hand, noting that a = &qup() = sup{z | Cr{€ > z} > a}, and Cr{& > z} is decreasing, we
can obtain hm+ Cr{¢ >z} <a.
r—a
On the other hand, we use a proof by contradiction, suppose o > lim Cr{{ > =z}, then there is an zy <
r—a—
a such that Cr{¢ > zp} < «. However, noting that a = sup{zx | Cr{{ > z} > «} and Cr{¢ > =z} is

decreasing, we deduce for any < a, we have Cr{{ > x} > «, which leads to a contradiction. Therefore,
a < lim Cr{& > z}. The proof is complete.
r—a—

For any z; € E, we denote

(bi, a;), if 2; satisfies Cl.a
[bi,a;), if z; satisfies C1.b
I{z;) =< (b;,al, if x; satisfies C2
(bi, Ci) U (Ci, ai], if x; satisfies C3.a
[bi, Ci) U (Ci, ai], if z; satisfies C3.b.

The sufficient and necessary condition for the equality Cr{{ > &sup(a)} = a is discussed in the following
theorem.

Theorem 3.6 Let & be a fuzzy variable, and E the set of all discontinuous points of Cr{¢ > x}. Then for any
a € (0,1], Cr{€ > &up(a)} = aifand only if o ¢ | I(z;).
r,€F

Proof. Sufficiency: If o ¢ |J I{x;), o must satisfy only one of the following six conditions:
T, €F

i) There is an x; € E, x; satisfies C'l.a such that o = b;.
i1) There is an z; € E, x; satisfies C'1 such that o = a;.

ii1) There is an x; € F, x; satisfies C'2 such that o = b;.

(
(
(
(tv) Thereis an x; € F, z; satisfies C3.a such that oo = b;.
(v) Thereis an z; € E, x; satisfies C3 such that o = ¢;.

(

vi) Esup(ar) ¢ E.

In fact,if a ¢ |J I{(x;)and does not satisfy any one of conditions (4), (1), (ii7), (iv), (v),thena ¢ | [bs, s,
r,eF z,eR

which follows that &, (ar) ¢ E. Otherwise, if {up(a) = z; € E, by Proposition 3.3, we deduce b; < a < a;
which leads to a contradiction.

We only need to prove Cr{{ > &up(a) } = a under the conditions (4), (i¢), (i), (iv), (v). By Corollary 3.1,
Cr{¢ > &up(a)} = a is obviously valid under condition (v3).

() Since x; € F satisfies C'l.a and o = b;, noting that lim Cr{{ > z} = 0, there is a o > 0, for any x

T—00

with 0 < z — z; < dp, and any x with x > Jp + x;, one has Cr{{ > =} = b; and Cr{{ > =} < b; respectively.

Denote x; = 09 + x;. Then
b = lim Cr{{ >z} = Cr{{ > z;}.

T—Tj—

Otherwise, if b; = lim Cr{¢ >z} > Cr{{ > z;}, then x; satisfies C2 or C'3 such that & = b; = a; € I(x;),
T—x;—

which is a contradiction with o ¢ |J I(x;). Since for any = with > x;, we have Cr{{ > z} < b; = o It

r,€F
follows from Cr{{ > x;} = b; that

T; = gsup(bi) and Cr{§ > gsup(bi)} = bz
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(9) Since z; € E satisfies C'1, and o = a;, one has

a; = Cr{g > ilj‘z} > lier Cr{§ > .17} =b;.

To prove (i), it suffices to prove x; = &up(a;) = sup{x | Cr{€ > =} > q;}. Since for any « with > z;, one
has Cr{{ > z} < limJr Cr{¢ > =} = b; < a;. Noting that Cr{¢ > z;} = a;, it follows that
T—T;

Ty = gsup(ai) and Cl"{f > gsup(ai)} = Q.
(7i7) If x; € F satisfies C2, and o = b;, we have

a; > Cr{¢ > z;} = hm+ Cr{¢ >z} =b;.

On one hand, if for any 2 > x;, Cr{¢ > xz} < b;, then it follows from Cr{¢ > z;} = b; that
Ty = gsup(bi) and CI‘{f > fsup(bi)} = bz

On the other hand, if there is a § > 0, for any x with 0 < = — z; < §, one has Cr{{ > =} = b;. Noting that
lim Cr{¢ > z} = 0, there is a 0y such that for any = with 0 < z — z; < d¢, Cr{{ > x} = b;, and for any =
T—00

with z > x; + o, Cr{€ > =} < b; respectively. Denote z; = x; + do. Then we can get

b= lim Cr{{>a} = Cr{¢ > z;}.

Otherwise, if b; = lim Cr{& > x} > Cr{¢ > x;}, then z; satisfies C2 or C3 such that &« = b; = a; € I(x}),
T—Tj—
which is a contradiction with a ¢ |J I{x;).
zr,€F

The rest of the proof for (iiz) can be completed by the same method with the proof in (7). Thus, we can
obtain Cr{& > &up(bi)} = b;.

(iv) The proof of (iv) is similar to the proof in (7).

(v) Since z; € E satisfies C3 and o = ¢; = Cr{{ > z;}, we have

a; > C; = Cr{f > iL‘Z} > lier Cr{f > .%'} =b;.

Noting that for any x > x;, Cr{¢ > 2} < b; < ¢;, by Cr{¢ > z;} = ¢;, we can get
zi = &up(ci) = {z | Or{€ = z} > ¢}
Thus Cr{¢ > &up(ci)} = ¢ = a.
Necessity: It follows from Proposition 3.2 that for any o € mZLGJE I{x;), we have
Cr{¢ = &up(@)} # o,
which proves the necessity of the theorem.
Corollary 3.2 Let £ be a fuzzy variable, E the set of all discontinuous points of Cr{§ > x}. Then for any

a € (0,1]\ U [bi,as), we have Cr{& > &up(a)} = o
r,€F
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3.3 On the Continuity of &,,(«)

It is known from [7, Theorem 3.30] that for any o € (0, 1], &up(cv) is a left continuous function of «. The
following theorem gives a sufficient and necessary condition under which &, () is continuous with respect to
o.

Theorem 3.7 Let £ be a fuzzy variable. Then for any a € (0, 1], &up(ev) is continuous at o if and only if there is
at most one value x such that Cr{{ > z} = a.

Proof. Sufficiency: Since for any o € (0, 1], &up () is a left continuous function of «, we just need to prove
&sup () is right continuous with respect to c.

It is easy to know that &, () is a decreasing function of a.. Let {cy;} be an arbitrary sequence of positive
numbers such that «; | a. Then {{g,p(y)} is an increasing sequence. If the limit is equal to &y (), then the
right continuity is proved. Otherwise, we have lim &up () < sup(a). Let 21, 22 be two points such that

1— 00

Zlggo Esup (i) < 21 < 22 < Eup(v).

It is clear that &ep (@) < 21 < 22 < &up(a) for all i. Then Cr{{ > 21} < a;, Cr{€ > 22} < q; for all 4.
Hence,
Cr{¢ > 21} <a, Cr{ > 2} <a.

If Cr{{ > 2z;} < a,i=1or2,then z; > &up(a), @ = 1 or 2, which is a contradiction with 21 < 22 < &gup ().
As a consequence, Cr{{ > z;} = «, i = 1,2, which is also a contradiction with that there is at most one value x
such that Cr{¢ > x} = «. The above contradictions prove that

lli)l’& fsup(ai) = fsup((w .

Combining with the left continuity of £qup (), &sup (@) is continuous with respect to cv.
Necessity: Suppose there are two points ¢1,t2 such that t; < tg and Cr{& > t1} = Cr{¢ > t2} = «, then
we get Cr{{ >t} = aforany t; <t < {9, and

Eup(@) = sup{z | Cr{¢ >z} > a} > to.

For any § > 0, if we take an ag with 0 < a9 — o < 6, then for any x with Cr{¢ > z} > oy > «, we have
x < t1, which follows from the definition of &g,p () that

gsup(QO) = Sup{m ’ Cl‘{g > ZE} > Oéo} <t.

Thus, we obtain &g,p () < t1 < ta < &gup(ar), which is a contradiction with the continuity of &, () at .. The
necessity is proved.

4 The Properties of Pessimistic Value Functions

In this section, we discuss the properties of the credibility pessimistic value functions, which can be proved
similarly to those of the credibility optimistic value functions in Section 3. So, we just provide the results and
omit the proofs.

Proposition 4.1 Let £ be a fuzzy variable. Then for any o € (0, 1], &ins() > —o0 if and only if lim Cr{{ <
T——00
x} =0.
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We assume in this section that fuzzy variable ¢ satisfies lim Cr{{ < z} = 0. Thus, it follows from
r——00

Proposition 4.1 that for any o € (0, 1], &g () > —o0.
Theorem 4.1 Let & be a fuzzy variable. Then we have
(1) Cr{¢ < &nt(a)} > a provided that Cr{& < x} is right continuous at &g (),

(i7) Cr{§ < &ne(a)} < a provided that Cr{¢ < x} is left continuous at &g ().

Theorem 4.2 Let £ be a fuzzy variable.

(i) Cr{¢ < &ne(a)} > afor every a € (0,1] if and only if Cr{¢ < x} is right continuous;

(i7) Cr{€ < &ne(a)} < aforevery a € (0, 1] if and only if Cr{{ < x} is left continuous.

Theorem 4.3 Let & be a fuzzy variable. Then Cr{{ < &iue(a)} > o for every a € (0, 1] if and only if for any
xeR, lizrnsup w(t) < Pos{¢ < z}.

—x+

Corollary 4.1 If ¢ is a fuzzy variable, and Cr{{ < z} is continuous at ing (), then Cr{& < &ne(a)} =

Theorem 4.4 Let £ be a lower semicontinuous fuzzy variable with possibility distribution u(x), and ay =
finf(a)- If
limsup pu(x) < Pos{¢ < ag}, and limsup p(z) < Pos{& > ag},

r—ag+ T—ag—

then Cr{¢ < ap} = a.

Let E = {z1,x2,---} be the set of all discontinuous points of Cr{{ < xz}. For each z; € E, denote
a; = xggcni Cr{¢ <z}, ¢ = Cr{€ < a3}, b; = zE;nJr Cr{¢ < z}. Then each point z; € F must satisfy only

one of the following five conditions:

Cl.a: a; < ¢; = b;, and there exists 0 > 0 such that for any x with 0 < z; — z < J, we have Cr{{ < z} = a;.
Cl.b: a; < ¢; = b, and Cr{{ < z} < q; forall z < z;.

C2: a; =¢; < b;.

C3.a: a; < ¢; < b;, and there exists 0 > 0 such that for any x with 0 < xz; — x < §, we have Cr{{ < z} = a;.
C3.b: a; < ¢; < bj,and Cr{{ < z} < a; forall z; < .

Proposition 4.2 Let & be a fuzzy variable, and x; € E. Then we have

(1) Cr{¢ < &nt(a)} > aforany a € (a;,b;) provided z; satisfies C'1.a.
(i7) Cr{§ < &ne(a)} > aforany a € [a;, b;) provided x; satisfies C1.b.
(131) Cr{€ < &nt(a)} < aforany a € (a;, b;] provided x; satisfies C2.
(

i) Cr{¢ < &ne(a)} > aforany a € (a;,¢;), and Cr{§ < &ne(a)} < « for any o € (¢4, b;] provided z;
satisfies C'3.q.

(v) Cr{¢ < &ne(a)} > a forany a € lai,c;), and Cr{{ < &ne(@)} < a for any a € (¢;, bi] provided z;
satisfies C'3..
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Proposition 4.3 Let £ be a fuzzy variable and o € (0, 1], a = &in¢(a). Then we have

lim Cr{{ <z} <a< lilrn+ Cr{¢ < z}.

r—a—

For any z; € E, we denote

(ai, b;), if ; satisfies Cl.a
[a;, b;), if z; satisfies C'1.b
I{x;) =< (a, b, if x; satisfies C2
(@i, ci) U (¢, b), if z; satisfies C3.a
[ai, Ci) U (CZ', bl], if x; satisfies C'3.b.

The sufficient and necessary condition for the equality Cr{{ < &pne(a)} = « is given by the following
theorem.

Theorem 4.5 Let & be a fuzzy variable, and E the set of all discontinuous points of Cr{{ < x}. Then for any
a € (0,1], Cr{€ < &ut(a)} = aifandonly ifa ¢ |J I{x;).

z,€FR
Corollary 4.2 Let £ be a fuzzy variable, E the set of all discontinuous points of Cr{¢ < x}. Then for any

aec (0,1]\ U [ai, bi], we have Cr{€ < &pe(a)} = au
T, €EFE

By [7, Theorem 3.30], we have known that for any « € (0, 1], &ne(av) is a left continuous function of «v. The
following theorem gives the sufficient and necessary condition for the continuity of &,¢(a) with respect to a.

Theorem 4.6 Let & be a fuzzy variable. Then for any o € (0, 1], &ne(«v) is continuous at « if and only if there is
at most one value x such that Cr{§ < z} = a.

5 Conclusions

In this paper, based on the continuity of credibility functions Cr{¢{ > z} and Cr{¢ < z}, we discussed the
properties of the credibility critical value functions, and obtained the following major new results:

(¢) The sufficient and necessary conditions under which the inequalities Cr{& > &gyp(a)} > « and Cr{¢ <
&nf(a)} > a hold for any a € (0, 1] were established.

(¢4) The sufficient conditions under which the inequalities Cr{{ > &qp()} < a and Cr{{ < &ne(o)} < a
hold for any « € (0, 1] were given.

(¢4i) The sufficient and necessary conditions for the equalities Cr{& > &up(a)} = aand Cr{{ < &ine(@)} =
were discussed.

(iv) The sufficient and necessary conditions for the continuity of &up(cr) and &ine(cr) with respect to a were
provided.
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