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Abstract. Fuzzy random variable is defined as a measurable function from the probability space to
the set of fuzzy numbers. In this paper, the concept of uniform convergence of fuzzy random sequence is
presented. Additionally, some mathematical properties of convergent fuzzy random sequence are also obtained.
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1 Introduction

The concept of fuzzy random variable was introduced as a mathematical description for fuzzy stochastic phe-
nomenon. Kwakernaak[6][7] first introduced this notion. And then, fuzzy random theory was further developed
by several researchers such as Kruse and Meyer[5], Puri and Ralescu [8], Liu and Liu[9], and so on.

In Puri and Ralescu’s(ref. [8]) definition, a fuzzy random variable is a measurable fuzzy mapping from a
probability space (2, A, Pr) to the set of fuzzy numbers, where the measurability condition refers to so called
“graph-levelwise measurability”. As for the measurability condition of fuzzy mapping, many researchers pre-
sented several different definitions such as “measurability”, “levelwise measurability”, “strong measurability”,
“weak measurability”, and so on. For more details, interested readers may refer to Rockefellar[10], Kaleva[3],
and so on. Additionally, Butnariu[l] and Wu et. al[11] studied different measurability concepts and shown
that some of these concepts are equivalent or strongly inter-related. That is, if the probability space is com-
pleted, “graph-levelwise measurability”, “measurability”, “levelwise measurability” and “strong measurability”
are equivalent. Thus, the definition of fuzzy random variable can be expressed in several ways if the probability
space is completed.

The purpose of this paper is to study uniform convergence of fuzzy random sequence. In Section 2, we first
discuss some mathematical properties of fuzzy numbers sequence. Then in Section 3, uniform convergence of

fuzzy random sequence is defined and some relevant mathematical properties are also obtained.

2 Preliminaries

A fuzzy number is a fuzzy set £ : R — [0, 1] with the following properties:

(i) £ is normal, that is, there exists xo € ¥t such that the membership function ji¢(xo) = 1;

(ii) £ is upper semicontinuous;

(iii) £ is a convex fuzzy set, that is, pue(Azx + (1 — AN)y) > min{pue(x), pe(y)} forz,y € R and X € [0,1];
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(iv) supp {= cl{x € R|ue(x) > 0} is compact.
In this paper, the set of fuzzy numbers is denoted by F'(}). For a fuzzy number &, the A-cut set is defined as

£ = {:pe(x) > A}, f0<A<
AT supp €, if A = 0.

It is true that & is a fuzzy number if and only if & is a closed bounded interval for each A € [0,1] and &; # ¢. In
the following, we shall use the notation { = [£}, fjf] to denote the A-cut set of fuzzy number &.

Theorem 2.1 [2] Let £ € F(R). Denote £~ (\) =&, €7 (\) =& Then

(i) £ (X) is a bounded increasing function on [0, 1];

(ii) €T (N) is a bounded decreasing function on [0, 1];

(iii) £ (1) < £ (1),

(iv) £ () and £ (N) are left-continuous on (0,1] and right-continuous at 0;

(v) If £ (X) and €1 (N) satisfy above (i)-(iv), then there exists a unique n € F(R) such that n, = £ ()\) and
=&,

Definition 2.1 Let £ and 1) be two fuzzy numbers. We say that § is larger than or equal to 1 if for any X € [0, 1],
we have £ > ny and & > n, denoted by “¢ > n” or “n < £”.

In order to measure the distance between two fuzzy numbers, we use the following metric d: let {,n € F(R),
then

d(&,m) = sup dg(&xn.mn),
0<A<1

where d g is the Hausdorff metric defined as

dp (Ex,m) = max{[€} —ny |, €1 — ny[}-
Also, d(&,0) will be denoted by ||£]|.

Definition 2.2 Let £,&1,82,- -+ ,&n, -+ be a sequence of fuzzy numbers. We call that the sequence {&;} con-
verges to £ if

lim d(&;,€) = 0.

1— 00

Itis clear that a sequence {¢;} of fuzzy numbers converges to ¢ if and only if lim (&), = &, and lim (&)} =
1— 00 1— 00

f; uniformly with respect to A € [0, 1].

Theorem 2.2 Let {{;} be a sequence of fuzzy numbers. If lim (&;), = £ and lim (&);\r = f;\r uniformly with
1—00 71— 00

respect to X € [0, 1], then {&;} converges to a fuzzy number §, whose A-cut set is £, = [£}, E;f]for any \ € [0,1].

Proof. Denote () = &, £T(A\) = &, Itis easy to prove that £~ () is a bounded increasing function on [0, 1]
and £1()\) is a bounded decreasing function on [0, 1]. Note that (&)~ (1) < (&)™ (1) for each i. Taking limits on
both sides, we have £ (1) < £7(1).

Next, we prove that £~ ()\) and £7()\) are left-continuous on (0,1]. Let Ao € (0,1] be given. Since
Zliglo (&)y = &, uniformly with respect to A € [0, 1], it follows that for any given ¢ > 0, there exists an

integer N > 0 such that
_ _ €
€)Wl < 5
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forall i > N and A € [0, 1]. Then for a given ig > N, we have

[(60)~ ) =€ ] < 5, 1(60)~ (o) =€ (o) < 5.

On the other hand, since (&;)™ () is a left-continuous function of A € (0, 1], for the above ¢, there exists 6 > 0
such that

_ _ €
[(€i0)™(A) = (o)™ (Ro)l < 3
for all A with 0 < A\g — A\ < 4. Then we have

1E7 ) =& (M)l < 1) (A) = €7 (N + [(&io)™ (A) = (&in)™ (Ao

(o)~ (ho) — € (No)| < g + g + g _

for all A with 0 < \g — A < 4, which proves the left-continuity of £~ (). The left-continuity of £ (\) can be
proven similarly.

A similar way may prove the right-continuity at 0 of £~ (\) and £7()). Thus, it follows from Theorem 2.1
that there exists a unique fuzzy number & € F(R) such that the A-cut set is &, = [¢,,&] for any A € [0, 1],
which implies that {&;} converges to £. The proof is completed.

Theorem 2.2 states that the fuzzy numbers sequence {¢;} is convergent if and only if (¢;) and (&;)} converge
uniformly with respect to A € [0, 1] as i — oo.

3 Uniform Convergence of Fuzzy Random Sequence

Throughout this paper, (£2, A, Pr) denotes a completed probability space. The function £ : 2 — F(R) is called
fuzzy random variable if for every closed subset B of R, the fuzzy set £ ~!(B) is measurable when considered as
a function from € to [0, 1], where £~1(B) denotes the fuzzy subset of § defined by

£71(B)(w) = sup &(w)(x)
z€B
for every w € . Kim and Ghil[4] also proved that & is a fuzzy random variable if and only if for each A € [0, 1],
&, (w) and & (w) are random variables when considered as the functions from () to %, where &, (w) and & (w)
are end points of the A-cut set of fuzzy number £ (w).

Definition 3.1 Let £,&1,&a, -+ be a sequence of fuzzy random variables. We say that {&;} converges to & uni-
Sformly if there exists a set A € A with Pr{A} = 1 such that

lim sup d(&;(w), {(w)) = 0.

10 LueA

Theorem 3.1 Let £,&1,&2, -+ be a sequence of fuzzy random variables. Then {§;} converges to & uniformly if
and only if there exists a set A € A with Pr{A} = 1 such that lim (§); (w) = & (w) and lim (&)} (w) =
1— 00 1—00

& (w) uniformly with respect tow € A and X € [0, 1].

Proof. Since {&;} converges to £ uniformly, it follows from Definition 3.1 that there exists a set A € A with
Pr{A} = 1 such that
lim sup d(&;(w), £(w)) = 0.

1—00 e A

Thus, we have

lim sup sup max{[(&)y (w) — & (W), (&)} (w) — & (W)[} =0,
i—00 e A4 0<A<1
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which implies that

lim sup sup [(&)) (w) — &, (w)| =0,
=00 e A 0<A<]

lim sup sup \(fz);\r(w) - 5;\“(w)| = 0.
=0 e A 0<A<L1

Thus, lim (§); (w) = & (w) and lim (&)} (w) = & (w) uniformly with respect tow € A and A € [0, 1].
Conversely, if there exists aset A € A with Pr{A} = 1suchthat lim (&), (w) = &, (w)and lim (&) (w) =

& (w) uniformly with respect to w € A and A € [0, 1], then for any real number & > 0, there exists an integer
N > 0 such that

&)y (W) =& W) <&, &)y w) - W) <e
foralli > N,w € Aand X € [0, 1]. Therefore, we have

sup sup [(&)y (w) =&y (W) <&, sup sup [(&)y (w) =& (W)] <e.
WEA 0N wEA <AL

It follows that

sup sup max{|(&); (w) — & )], [(6)) (W) =& (W)[} <«
wEA <AL

forall 2 > N. That is,
lim sup d(&;(w),§(w)) = 0.

1—00 e A

The proof is thus completed.

Theorem 3.2 Let&1,&o, - - - be a sequence of fuzzy random variables. If there exists a set A € AwithPr{A} =1
such that (&) (w) and (&)} (w) converge uniformly with respect to w € A and X € [0,1] as i — oo, then {&;}

converges uniformly to fuzzy random variable & whose \-cut set is {\(w) = | lim (&) (w), lim (&)} (w)| for

each w € A.

Proof. It follows from Theorem 2.2 that for each w € A, we can obtain a fuzzy number &(w) with the A-cut set
[lim (&) (w), lim (&)} (w)]. Now, we construct a fuzzy number valued function &:
1— 00 1— 00

[ ifweA
§w)= { 0, otherwise.

It is clear that

. lim (6); (W), ifwe A
€y (W) =q i—oo .
0, otherwise,

1— 00

0, otherwise.

im (&)7 (w), ifweA
gi(w):{l €5 w), itwe

Since (£;)} (w) and (&) (w) are random variables when considered as the functions from 2 to ?, we can easily
prove that &5 (w) and &) (w) are random variables, which implies that £ is a fuzzy random variable. By using
Theorem 3.1, we obtain that the sequence {&;} converges to & uniformly. The proof is thus completed.

Theorem 3.3 Let £, &1, -+ be a sequence of fuzzy random variables. If {;} converges uniformly to &, then
there exists a set A € Awith Pr{A} = 1such that lim fol(gi); (w)dA = fol €\ (w)dXand lim fol (&)Y (w)dA =

fol 5;( (w)dA uniformly with respect to w € A.
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Proof. It follows from uniform convergence of {¢;} that there exists a set A € A with Pr{A} = 1 such that
(&)5 (w) and (&) (w) converge to & (w) and & (w) uniformly with respect tow € A and A € [0,1] as i — oo,
respectively. Then for any € > 0, there exists an integer N > 0 such that

&)y (W) =& (W) <&, [(&)f(w)—& (W) <e
forany i > N,w € Aand A € [0, 1]. Hence, we have

[enwa- [ goal< [lero-gwla<e

1 1 1
[eten- [ sw)dx\g JRCROROTITE

for any ¢ > N and w € A, which implies that lim fol &)y (w)dA = fol €\ (w)dX and lim fol (&)Y (w)dA =

et (w)dA uniformly with respect to w € A. The proof is completed.
0 SA
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