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Abstract. This paper presents a fuzzy optimization method based on the inclusion degrees of intuitionistic
fuzzy sets to solve multi-criteria decision making problems under fuzzy environments. First, the inclusion
degree of intuitionistic fuzzy sets is defined and a series of specific formulas of inclusion degree are
presented by means of the normal implication operators. Some formulas of inclusion degree of intuitionistic
fuzzy sets are generalized by defining the cardinal number of intuitionistic fuzzy sets. Then, we give multi-
criteria fuzzy decision-making method based on inclusion degree of intuitionistic fuzzy sets. Finally, we
illustrate the effectiveness of the method proposed in this paper by an example.
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1. Introduction

Fuzzy sets were introduced by Zadeh in 1965 [1]. In the following several decades, fuzzy set theory has
been used for handling fuzzy multi-criteria decision-making problems [2-5]. The main characteristic of fuzzy
sets is that: the membership function assigns to each element u in a universe of discourse a membership
degree ranging between 0 and 1 and the non-membership degree equals one minus the membership degree,
i.e., this membership degree combines the evidence for u and the evidence against u. The single number tells
us nothing about the lack of knowledge. In real applications, however, the information of an object
corresponding to a fuzzy concept may be incomplete, i.e., the sum of the membership degree and the non-
membership degree of an element in a universe corresponding to a fuzzy concept may be less than one. In
fuzzy set theory, there is no means to incorporate the lack of knowledge with the membership degrees. A
possible solution is to use intuitionistic fuzzy sets (IFSs for short), introduced by Atanassov in [6]. IFS as an
extension of Zadeh fuzzy set was also applied to the decision-making problems [7-12].

In the present paper, the inclusion degree of intuitionistic fuzzy sets is applied to multi-criteria decision
making in fuzzy environment. In Section 2 we define the inclusion degree of intuitionistic fuzzy sets and
present a series of specific formulas of inclusion degree by means of the normal implication operators. Then
some formulas of inclusion degree of fuzzy sets are generalized to intuitionistic fuzzy sets by defining the
cardinal number of intuitionistic fuzzy sets. In Section 3 we give a fuzzy method for multi-criteria decision-
making method based on inclusion degree of intuitionistic fuzzy sets. Finally, we illustrate the
effectiveness of the method proposed in this paper by an example.

2. Inclusion degrees of IFSs

The concept of IFSs is an extension of Zadeh’s fuzzy sets. It give us the possibility to model unknown
information by using an additional degree. In [6] [13,14], IFSs are defined as follows:

Definition 1. An intuitionistic fuzzy set A on a universe U is defined as an object of the following form:
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A={u uu)v,()ueus,
where the functions u, :U —[0,1] and v, :U — [0,1]define the degree of membership and the degree of
non-membership of the element ueU in A, respectively, and for every ueU:
0< u,(u)+v,(u)<1,

Obviously, each ordinary fuzzy set may be written as {(u, , (u)1- s, (u))|u €U }. For simplicity, the class
of intuitionistic fuzzy sets on a universe U will be denoted by IFS(U).

2.1. Inclusion degrees based on implicational operators

Definition 2 If the mapping 1 : IFS(U)x IFS(U)— [0,1] satisfies

(i) AcB=1(AB)=1;

(i) 1U,¢)=0;

(iii) AcBcC=1(C,A)<min(1(B,A) I(C,B))

then we call I(A,B) the inclusion degree of A in B, and call | a inclusion degree function on IFS(U).

Definition 3 If mapping R : [01] — [0,] satisfies

()R(L0)=0

(i)R(0,0)=R(0,1)=R(11)=1

then R is called fuzzy implicational operator (briefly, implication).

Definition 4 If mapping T :[0,1]" — [01] satisfies

()T (a,b)=T(b,a)

(iya<cb=d =T(a,b)=T(c,d)

(ii)) T(T(a,b),c)=T(a,T(b,c))

(iv) T(a,l)=a(a<[0.1])

then it is called triangular norm (briefly, t-norm). If T satisfies (i)-(iii) and (iv)'T(0,a) = a(a [0,1]), then
we call it triangular conorm (briefly, t-conorm).

Theorem 1 Let A B e IFS(U) and R be an implication. If R satisfies

(i) va,be[01],and a<b= R(a,b)=1
(i) R(a,b) is non-decreasing with respect to b non-increasing with respect to a,

then the following 1,1, are the inclusion degree functions of IFSs:

(A B) = Inf R (1, (0). 10 () + (- 2R (v W) v, (W)} £ 0]
(A B) = inf T(R (i, 1), 100, RO (0], 1)

where T :[0,1] —[0,1] is at-norm
Proof. We only prove 1,. The proof of | is similar.
(i) AcB= u,(u)< g (u)v,(u)=vg(u)vueu

= R(1,(u). 45()) =1, R(vs () v, (u)) =1, Vu €U
= 1,(AB)= iUQUfT(1,1)=1

(i) 1,U,¢)=inf T(R(L0) R(L0))=inf T(0,0)=0

(i) Ac B cC = p,(u)< prg ()< prc () v () 2 Vg () 2 ve )
Since R(a,e) is non-decreasing and R(s,b) is non-increasing, we have
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R(utc (1), 414 (1)) < Rt (u), 115, (u)), R(va(u), v (1)) < R(vg (1) v (u))
= T (R(pe (u), 1 (), v, () Ve (u)) < T (R (u), 12 (u)). R(vg (u). v ()
= mtT( (e (u), 42 () v (1) Ve (u)) <INt T (Rt (u), 5 (u)), R (v (u), v (u))
1,(C.A)<1,(C,B)
In a similar, we can get 1,(C,A)<1,(B,A).
Theorem 2 Assume that U is a finite universe and R is an implication. If R satisfies
(i) va,be[01], and a<b = R(a,b)=1
(i1) R(a,b) is non-decreasing with respect to b non-increasing with respect to a,
then the following 1, 1, are the inclusion degree functions of IFSs:

Z[AR £ (0) 15 () + (L= AR (v (u) v, (u))] 2 € 01]:

uelU

TR o (U) R(ve (u).v,4 ()

ueU

\U

where |U|denotes the cardinality of U and T :[0,1] — [0,1] is a t-norm.
The proof of theorem 2 is similar to the proof of theorem 1.
The implications R satisfy the conditions of above theorems, va,b <[01]:
(i) Lukasiewicz implication: R (a,b)=min(1—a+b,1)

. Lo L if a=0,
(if) Goguen implication: R (a,b)= {min(z '1} f aso

1, if a<b
b, if a>h.

1, if a<b
0, if a>h.
1, if a<b

max(l-a,b), if a>b

(iii) Godel implication: R_ (a,b):{
(iv) Gaines-Recher implication: RGR(a'b):{
(V) Ro-implication: R (a, b)z{

2.2. Inclusion degrees based on the cardinalities of sets
Definition 5 Let U be a finite set, A< IFS(U). The cardinality of A is defined as

A= Zl+ #aU) =V, ()

ueU 2

)

It is easy to prove that the following inclusion functions of fuzzy sets I, -1,, [15] still hold to IFSs.

Theorem 3 Let U be a finite set, A< IFS(U). Then the following I, - 1,, are inclusion degree functions
of IFSs:

L A=¢ L A=B=y¢
I,(AB)= M Azg 15(AB)= ‘L otherwise
A AUB
1, B=U 1, A=B=U
A°NB® ; -l A ?
I,(AB)= & B=U 15(A B)= L otherwise
5 e
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L (AB)- \ACUB\ _ 1, A=¢ or B=U
S AcuAUBUBY| 1o(AB)= AC“:SBBCQBC’ otherwise

2.3. Generation of inclusion degrees
Theorem 4 Let | be an inclusion degree function on IFS(U) and mappingh: [0,1] —[0,1] satisfies

(1) h(0,0)=0,h(1,1)=1;
(ii) h(a,b) is non-decreasing with respect to a and b
then GI(A B)=h(1(A B),1(B, A°)(vA B e IFS(U)) is inclusion degree of A in B, and Gl is an inclusion
degree on IFS(U).

proof. (i) Ac B= I1(A,B)=11(B°,A°)=1=GI(A B)=h(11)=1

(i) GIU,4)=h(1U,¢). 1(4°,U°))=h(00)=0

(ili) AcBcC=C® cB® CAC

=1(C,A)< B),1(A°,C°)< ( ce

)
=hli(c ( e ))<h(1(c.2)1e" )

:GI(C,A)SGI(C, B)
In the similar way, we can get GI(C, A)< GI(B, A)
Theorem 5 Let|,, I, be inclusion degree functions on IFS(U), and h: [01] — [01] satisfies
(1) h(0,0)=0,h(11)=1;
(ii) h(a,b) is non-decreasing with respect to a and b,

then GI(A,B)=h(1,(A,B),1,(A B)XVA,B e IFS(U)) is inclusion degree of A in B, and Gl is an inclusion
degree on IFS(U).
The proof of theorem 5 is similar to the proof of theorem 4.

3. Multi-criteria fuzzy decision-making based on inclusion degrees

Definition 6 (Multi-criteria fuzzy decision-making problem [7]). Let M be a set of alternatives and let C
be a set of criteria, where

M:{Mllel'“le}’ C:{CMCZ!""Cn}’

Assume that the characteristics of the alternative M, are presented by the IFS shown as follows:

M; ={(Cy, 24,V ) (Cy 10, Vin )+, (Cry 1 Vi )} -
where  indicates the degree to which the alternative M, satisfies criterionC, , v, indicates the degree to
which the alternative M, does not satisfy criterion C. ( i ”)e L'(j=12,---,n;i =1,2,---,m).

Assume that there is a decision-maker who wants to choose an alternative which satisfies the criteria
C,.C.---, and C_or which satisfies the criterion C,. This decision-maker’s requirement is represented by the

following expression:
Cjandeand"'and Cpor C.,

It is noted that we say an alternative satisfies a criterion if it meets some desirable level of an evaluation
criterion. The satisfaction is gradual and is characterized by a dual information: a degree of satisfaction and a
degree of non-satisfaction.

We now use the inclusion degrees of IFSs to solve the mufti-criteria fuzzy decision-making problem
(definition in [7]).The basic idea is similar to the TOPSIS (Technique for Order Preference by Similarity to
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Ideal Solution) [16-20]. Firstly, the ideal solution and the anti-ideal solution are constructed, where the ideal
solution and the anti-ideal solution are respectively the best and the worst solution supposed but not existing
in the set of alternatives. Then we compare the inclusion degrees of the ideal solution in alternative M; and
the inclusion degrees of alternative M; in the anti-ideal solution. The alternative containing the ideal solution
maximally as well as being contained by the negatively ideal solution minimally is the best choice. For this
purpose, we introduce the following definition.

Definition 7 Let M, = (i =1,---,m) be the set of alternatives and C, = (j =1,---,n) be the set of criteria,

(i) The ideal solution and the anti-ideal solution satisfying the criteria C;,C,,---C, are defined as follows:

G, = {(Ci’ivlluij’i/\lvii)’(ck'ivlluik'i/\lvikj""’(cp’ivlluip'i/\lvip)} , o

= {<Cj’fugi’vgi)’<Ck'ﬂgk’vgk)""’(Cp'fugp'vgp)}

B, = {(Cjai/_\l,uij’i\_/lVijj(Ck:i/_\lﬂik!i\_/lvikjv"':(vai/_\lﬂip’i\_/lVipj} @
= {(le:ubj'vbj)’(Ck’/ubk’vbk)l“"(cpl/ubplvbp)}

Definition 8 The inclusion degree D(M,) of the ideal solution in alternative M; and the inclusion degree
d(M,) of alternative M; in the anti-ideal solution are respectively defined as follows:

D(Mi)z maX(I(Gl’Mil)' I(GziMiz))’ 5

d(Mi):min(I(MillBl)’I(MiZYBZ)) (6)

where | denotes the inclusion degree function,

M, = {(CjnuijiVij)v(CkiﬂikaVik)a"'l(vaﬂiinip)}l Miz = {(Cq s Vi S i =1 ---,m
Definition 9 The ranking index of alternative M, = (i =1,---,m) is defined as follows:
___DbMy)
" 6(M,) D) v

The procedure of solving multi-criteria fuzzy decision-making problem (Definition 6) is as follows:
(i) calculate the ideal solution G, and the anti-ideal solution B, satisfying the criteria C,.C.---C,,

calculate the ideal solution G, and the anti-ideal solution B, satisfying the criteria C_;

(ii) calculate the inclusion degree I(G;, M, ) of G, in M, and the inclusion degree I(Mm,,B,) of M, in
B;,j=12i=1--m;

(iii) calculate the inclusion degree D(M,) of the ideal solution in alternative M, and the inclusion degree
d(M,) of M, in the anti-ideal solution;

(iv) calculate the ranking index p, of alternative M, = (i =1,---,m)

(v) if there exists i, e {1,2,---,m} such that p, =max(p,, p,,-- p,,), then alternative M, is the best choice.

The reason for introducing the ideal solution and the anti-ideal solution simultaneously in above method
is that when two alternatives contain the ideal solution by the same inclusion degree, we introduce the
negatively ideal solution for differentiating which alternative is superior. Then the alternative contained by
the anti-ideal solution with the less inclusion degree is the better choice.

4. An example

Let M,,M,,M,,M,,M, be five alternative, and let c,C,,C, be three criteria. Assume that the
characteristics of the alternatives are represented by the IFSs shown as follows:
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M, ={(C,,(0.2,0.2)),(C,,

M, ={(C,,(0.30.3))(C,,(0.2,0.2)),(C;,(0.30.2))}
M, ={(C,,(0.4,0.4)),(C,,(0.5,0.4)),(C,,(0.30.2))}
M )
M

—

0.3,0.1)),(C5,(0.2,0))}

—_

—

( (Ca.(
. =1(C,.(05,0.3)),(C,.(0.4,0.4)).(C,,(0.5,0.3))}
{(C..(0.40.4)).(c,.(0.6,0.3)).(C;.(0.6,0.4))}
and assume that the decision-maker wants to choose an alternative which satisfies the criteriac,,C, or
which satisfies the criterion C,.

—_

Firstly, we construct the ideal solution and the negatively ideal solution satisfying the criteriac,,C, and
satisfying criterion C,.
G, ={(,,050.2),(C,,0.6,0.1)},G, = {(C,,0.6,0)}
B, = {(C,,0.2,0.4),(C,,0.2,0.4)}, B, = {(C,,0.2,0.4)}

Take 1,in theorem 2 as the inclusion degree function I and take ; = E, ie.,
2

|(A B) 1 ZR(/UA( )/uB( ))+R( ( )VA(ui))
‘U ueU 2

where we choose Lukasiewicz implication R, as implication R, ie.,
R, (a,b)=min(l - a + b1), va,b[0,1]. So we obtain the inclusion degree I(G,,M,) of G, in M, and the
inclusion degree 1(m,,B;) of M, in B,(j=12;i=12,345) listed in table 1 and 2

ij?

My, Ma May Mgy Ms;
1(G1,M;1) 0.85 0.8 0.825 0.85 0.875
1(Mi1,B1) 0.8 0.9 0.875 0.85 0.825

Table 1: Inclusion degrees of G; in M;; and M;; in By

My, Mz, Mz, Ma, Ms,
1(G2,M;) 0.8 0.8 0.75 0.8 0.8
I(M ,B) 0.8 0.8 0.85 0.8 0.8

Table 2. Inclusion degrees of G; in M;; and M;, in B,
Using formulae (5) and (6) we get the inclusion degree D(M,) of the ideal solution in alternative M, and
the inclusion degree d(M,) of M, in the negatively ideal solution. We fist them in table 3.

Ml M2 M3 M4 M5
D(M)) 0.85 0.8 0.825 0.85 0.875
d(M)) 0.8 0.8 0.85 0.8 0.8

Table 3: Inclusion degrees of G, in M;, and M;, in B,

From (7), we get the ranking index of alternatives as follows:
p, =0.515 p, =0.5, p, =0.4925, p, =0.515, p, =0.5224

Therefore, alternative Ms is the best choice.

5. Conclusion

This paper presents a fuzzy optimization method based on the inclusion degrees of intuitionistic fuzzy
sets to solve multi-criteria decision making problems under fuzzy environments. Inclusion degree is a
quantity describing that a set is contained by another set and is quantitative description of containment
relation. It holds the uncertainty of the relation. The inclusion degree theory and IFS theory are the important
tools in studying the uncertain knowledge. The proposed method in the paper has been demonstrated by an
example, illustrating the power of the approach to solve multi-criteria fuzzy decision making problems. This
research work not only develops and enriches the fundamental theory of IFSs but also provides a new idea
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for the applications of IFS theory.
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