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Abstract. In this paper, we consider the approximate stabilization of a class of switched nonlinear system
composed of a finite family of subsystems. We show that there exists a piecewise constant feedback
controller such that the system can achieve the approximate stabilization property under arbitrary switching
signal. We also discuss the numerical computation problem in determining the control input value at the
sampling instant or switching instant and present a method to solve the problem.
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1. Introduction

Recently, switched control systems has received a great deal of attention in the control community.
Informally, a switched system is a family of continuous-time dynamical subsystems and a rule that
determines the switching between them. Many engineering systems, such as robot manipulators[1], traffic
management[2],power systems[3,4],etc. are essentially switched systems. The reader can refer to [5,6]for a
detailed study for this system.

One important problem in the theory of switched system may be stabilization. The interest in the
problem is reflected by numerous works, mainly for linear systems[7,8,9,10].However, characterizing the
stability and stabilization of switching among families of nonlinear systems presents a much more
challenging task. Recently, the stabilization of switched nonlinear systems has also been
investigated[11,12].The switched technique is implemented for the stabilization of some typical kinds of
nonlinear systems[13,14]. Most existing studying results on the switched system mainly focus on seeking for
conditions under which the switched system is stable for any switching signal. In this paper, however, our
problem does not lie in seeking these conditions but in the construction of the feedback controller that
guarantees the system is approximate stable for any switching signal.

The rest paper is organized as follows: Section 2 provides the class of switched nonlinear system we
consider and presents some assumption and definition used throughout this paper. Section 3 is our main
result, in this section we develop the approximate stabilization conditions and prove that there exists a
piecewise constant feedback controller such that the system can be stabilized. In section 4 we discuss the
numerical computation of the control input value. Concluding remarks are then followed in section 5.

2. Problem statement and preliminaries
Given the family of locally Lipschitz vector fields D = { f..R"xU >R":ie /\} parameterized by the
index set A ={1,2,..., N}, we consider the switched nonlinear control system
x= 1, (xu) 1)

Where x e R" is the state,ueU < R" is the control input, 0(t):[t0,+oo) — Ais the switching signal,

which is a piecewise constant function of time, taking value from the finite index set
/\:{1,2,..., N} ando(t)=i(i=12,---N), means that the i-th subsystem X = f,(x,u) works. For an
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arbitrary switching patho (t) =i, e A (te[t,,t,,), m=0,12..,5-1) ,{tm}m=0 is called the switching
time sequence, which is assumed to satisfy
to <t <t <o <t <---<{

Ifs < oo, then possiblyt, = oo . To facilitate the analysis, we let

{Xm}rsn;lo KXo Xy Kgate oy Kooy Xy -
denote the switching state sequence corresponding to the switching time sequence {tm}rsn=0 e {xm}fn;lo is the
solution X() of system(1) .We assume here the state of system (1) does not jump at the switching instants, i.e.
the solution x() is everywhere continuous. The switching state sequence, along with system (1), completely
describes the trajectory of the system according to the following rule: X, means that the system evolves

Throughout, we assume thati #1_ ..

m+1*

according to X = f, (x(t),u)for t, <t<t
From now on we assume that D satisfies the following hypotheses.
Assumption: f :R"xU — R"is continuous and has linear growth with respect to X.i.e. there exist

4 > 0such that ‘fi (x,u)‘ < 4 (1+|x]) for all(x,u) e R" xU . f,(x,u)is Lipschitz with the constantk.i.e.

there exists a constant k; such that for all X,y e R",

f(x,u)— f; (y,u)| <k |x—y|. And forall ueU , the
set valued map X —>{ f. (x, u)} is Marchaud .The set U is compact.

Let us recall that the set valued map is called Marchaud if and only if it has convex and compact values
and is upper-semicontinous. A set valued map F (-):]R” — R%is called upper-semicontinuous if for all
xeR"and all &>0there exists & >0 such that for all X' with|x—X|<&, F(X') < F(X)+&B .Where

B denote the closed unit ball in R" centered at the origin.

Throughout this paper, we shall use the following definition of approximate exponential stability for the
switched nonlinear systems.

Definition Given a Lyapunov function V , a time instant t, > t, , an arbitrary accuracy parameter& >0,
a switching signal o(t):[t,t,] > A and input u:ft,t]>R™ if all finite runs

X, (t)(M=0,1,---,5—1) of the system(L)starting at some initial state X, (t,) satisfy

V (%, (1)) eV () (1)) + &

forall te [tm t ) ,m=0,1---s—1. Then the switched nonlinear system(1) is approximate exponentially

' 'm+l

stable.

3. Main Result

In this section we derive a piecewise constant feedback controller that ensure the system (1) achieves the
approximate stability property. In order to prove the subsequent main result, we first present the following
proposition whose proof is postponed to the Appendix:

Proposition: Consider the switched nonlinear system of the form (1) with the switching time
sequence {tm};:0 (t, <o), a nonempty closed set K < R" and an accuracy parameter £ >0. Assume that,

;
in addition to Assumption 1, we have inf,_, ( fo) (x, u)) p<0, forallxeKandall pe NP (X).

Then there exists a sampling time h_ over each time horizon [tm ,tm+1) (m=0,1---,s—1) and a piecewise

constant controller g(-):Rn — U such that all finite runs{xm}::lo of system (1) starting at some initial

JIC email for subscription: publishing@WAU.org.uk



28 Zhi-E Lou, et al: Approximate Stabilization of Switched Nonlinear Systems

state X, (t, ) € K satisfy

X, (t)eK+eB (m=0,1,---s-1),forall teft .t ). (2)
where NP (x) denotes the set of proximal normals to the set K at X
NP, (x) :{ye]R” |d, (y+X) =] y|}, recall that d, (X)denotes the distance of the pointXto the set K
defined by d, |nf |x yl.

Remark. Proposition shows that there exists a piecewise constant controller such that the set K is
viable on the system (1). The reader can refer to [15] for a detailed study of the viability property.

The following theorem is the main result of this paper.
Theorem. Consider a system of the form(1) with the switching time sequence {tm}:n:o (t, <o), a

Lyapunov function V(-): R" — R and an accuracy parameter 7 >0 . Assume that in addition to
Assumption the following hold:

1.V () is | — Lipschitz continuous.

2. There exists ce[0,00) such that infUEU(fJ(t)(x,u))Tp—ch(x)SO for all xeR" and
all(p,q) e NP, (x,V(X)).

Then there exists a piecewise constant controller such that all runs of the system (1) satisfy
V (%,(0) <€ NV (%, 1) +77
forall m=0,1,---s—1andall teft,,t ).

Proof : we introduce an auxiliary state variable y € R into the system(1) and define the following

extended system
PP f_ o (x,u
= fau)(xlu){ ol )} )

where X = (X, y) e R" is the state, the controlu €U , for a run starting at X, (to)we initialize the auxiliary

variable  to Y, (t)=V (%, (t,)) -Then by construction (X, (t,),Yo(t,)) €Epi, Where
Epi, = {(x y)eR™ |V (x)< y} is the epigraph of V .

Since the original system(1) satisfies the Assumption ,so it is not hard to know that the extended
system(3) also satisfies the assumption.

Consider arbitrary X = (x,y) e R"*and (p,q) € NP

- (X). If Xis on the boundary of Epi, , then

LQI(f:’(t (X, )) (p,q) = mf( )(x,u))T p—cqV (x)<0. If on the other hand, X is in the interior of

Epi, then (p, q) = 0and the equation holds trivially. Therefore, the extended system satisfies condition of
Proposition (Epi, playing the role of K). Thanks to Proposition, we infer that there exists a piecewise
constant feedback controller such that all runs of the extended system starting from ( o(to): Yo (t )) satisfy

%, (t) Epi, +£B, or, equivalently dg,; (X, (t),y,(t))<& forall m=0,1,--s—landall te[t,t. ).

;12
m

particular, V()< VY, (t)+e=e N (x(t,))+c . Since V is I-Lipschitz
V(x,)=V (Xm (t))— l&. Hence, we have V (X, (t)) <e "V (x, (t,)) + e(L+1) .Taking & < L/(L+1))7,

Therefore, there exists X/ with ‘xm (t) —X‘S&‘ such that (V (x;,)— Y, (t))2+‘xm (t)—x,[ <&®. In
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completes the proof. o

4. Numerical computation problem in determining the control input

In the previous section, we have proved the existence of a piecewise constant feedback controller in
stabilization of the system(1), but how to determine the control input value at the sampling instant or
switching instant? In the following, we will solve numerically the problem.

From the proof of the Theorem, we know that the stability of the system(1) is equivalent to the viability
of the extended system (3) on Epi, , so in order to stabilize the system(1),we only need to design a feedback

controller such that Epi, is viable on the extended system . Based on the proof of Proposition and the
viability theory, we derive an approach to compute the control input value:
® If X=(x,y)<Epi,, then we pick an arbitrary element T, €U and define
Vtelt, tyal U=0,
® If X=(x,y)«Epi,, let us consider its unique projection z onto Epi, ,then there exists 0, €U
such that

then we define
Vte [tmj 7tmj+1]’ u= l]mj
the first case is obvious, but the second one is more complex because we need to find the projection
of Xonto Epi, . In the following ,by the optimization theory, we can establish an optimization model to find

the projection of X.

Suppose (a, b) ¢ Epi, is the state of system (3) at a certain sampling instant or the switching instant, and
(x*,V (x*)) is its projection onto Epi, . Then it is not hard to see that (x*,V (x*)) is the solution to the
following optimization problem:

(P) MinG(x) = ||x—a||2 +(V(x)-b)’
most optimization algorithms can be applied directly to solve the problem (P).
5. Concluding remark

The paper has investigated the approximate stabilization of switched nonlinear systems under arbitrary
switching time sequence. Under a realistic assumption, it has been shown that there exists a piecewise
constant feedback controller such that the switched nonlinear system is approximate stable. Finally we have
presented an approach to determining the control input value at the sampling instant or the switching instant

and an optimization model has also been established to find the projection of the state onto Epi, .

6. Appendix: proof of proposition
The following lemmas will be used in the proof of the proposition.

Lemma 1 consider the time sequence {t,}  and the state sequence T

o In system (1),

where X, () :[t,.,t,..) > R" denote the solution of X= fim(x,u) starting at X (t,) .Then for all
seftty)
‘fim(xm(s),u(s))‘s/llm(1+|xm(tm)|)e”“'m“m“"m) m=0,1---,5-1.
Proof : Note that for x,,(s)#0
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d

Exm ()

<A (1+\xm(s)\)

‘fim (xm(s),u(s))‘ :%‘xm (s)<
Then by the Gronwall Lemma[16]
X ()] < ([ (t,)] +1) €™ 1

We have ‘fim (%, (S)u(s))‘ < (1+‘Xm (t, )‘)eﬂims <A (1+‘Xm (tm)‘)eﬂﬁmamﬂ—tm) .

Lemma 2 Let us suppose that K < R" is a nonempty closed set and consider a point X ¢ K and
fixy e [ ], (X). If there exists a control T U such that

(f(3.7)) (x-7)<0
and that for all te{ } Hf (x, u)‘ <M, then

Vte O,i
2k

Im

d? (%, (1)) <eM, ’t* +e™'d? (X).

Recall that kirn is the Lipschitz constant of the subsystem X = fim (x, u). The proof is a straight forward
modification of Lemma 5.1 of [17].
Lemma 3™ Suppose that forall i =0,1,---,N, a,b,r >0 and r,, <ar +h.Then

i+1

N N N N
My < Max{r, b} {Z[Haj}tl} and My, <1 [a +max{b {Z[Ha J+1}

i=0 \_ j=i i=0 i=1
Proof of Proposition. The proof consists in building a feedback controller which satisfies (2).For this
purpose, We defined the piecewise constant controller by a feedback map g( ).R“ — U, used to set

U either after a switching, or whenever a sampling time elapses from the last time U was set.
For g(x), we distinguish two cases. If xeK , choose an arbitrary ueU and set g(x)=u .

IfxeR"\K, choose its projection y onto K , by definition, x—y € NB, (y), then by condition of the
T
proposition and the compactness of U such that ( fo (v, l])) (x—y)<0.We defineg(x)=

Let {xm};jo be an arbitrary finite run of the system(1) with its corresponding switching time sequence

{t,} ity <t <t <--<t <. <t starting at some initial state X, (t,) € K. For [t,,t, ] let h_denote

] and assume that 0 <h,, <i Let {t } " denote the
2k j=0

the sampling time used over time interval [t ,t

m+1

m

set of times in [t ,t ] at which U is set by the controller. Clearly, 0<N_ <o Crecall that
t,<o,h >0), t =t andforall 0< j<N tmj <h, Creferto figure ) .

m? m( j+1)
hO
0 t J t
t, =1y 01 02t03 =1 t t12 t’13 t, =t
t = t10

Figure llustration of sampling times. In thiscase S=2, N, =3, N, =4
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In particular, t, ., —t;=h, forall0< j<N_ —1.Moreover,if m<s-1 t, =t

mj m+1"

Finally, let M, =4 (1+‘ X, (t, )Dezﬁm(twrm)
By Lemma 1 and Lemma 2

dg (%, (1)) <eM, *(t—t,,)* +e™ " dE (x, (t,))
for all te[t I ].Therefore

mj? "m(j+1)
dli (Xm (tm(j+1))) < eMimzhmz +e2kim (tm(hl)_tmj)di (Xm (tmj))
By Lemma 3, for all te[t Lt ]

mj? "m(j+1)

-1
di (%, (1)) <dg (%, (tno))e 2t tm’)lj_[e”m(t““ b7 | oM, ?h,?

1—1 j-1
2k; (t-t: 2k; (-t 2k; (¢, —t
X(e 'm( m]) +e 'm( mj)zze |m(m(/3+1) m/j) +1)

a=l f=a

-1 j-1
=d} (xm (t, ))e2k‘m ) 1 eM imzhm2 x (g7 tm) 4 g%om () JZ JZ e?n™ 1 1)

a=1 f=a

<d (%, (t,))e™ ™ +eM, *h ? (ez"mh " 2t +1)

a=0

> 2k (t-t,) 2 22kh+1emhmj—l
=dZ (%, (t,))e™" "+ M, *h o +1

e2k h -1
. Zk h 2k;, hy,j
2 (o (1)) e, et Bl €Ty
m e m m _1 2kim

2k (t-t,) 2kh1€2k””hJ -1
<dg (%, (t,))e™ " + M, Zh e m +hm]

Im

2k

Im

2k (t-t,, ok o1 | @7m (™) g
Sdi(x ( ))e € )+Mim2hme m —+hm
The second term decreases to zero as hm decreases. Therefore, for any o >0 we can choose
1
h, e O,I small enough to ensure that for all t €[t ,t, ;)
i

d? (%, (1)) <5 +e"d2 (%, (t,)) (4)
Then due to X, (t,,) = X, (t,) we have

i (% (tn)) = 0 (X1 (t)) € S €™ (x4 (t,))
Recall that X, (t, ) € K, therefored, (%, (t,))=0. By Lemma 3

dé(xm (tm )gdé (Xo )ﬁezk (t—to)+5(mzfﬁe2kw(ttﬂ))

a=1 f=a
m-1 m-1
5 e2 ki (t=tz)
a=1 f=a

JIC email for subscription: publishing@WAU.org.uk



32 Zhi-E Lou, et al: Approximate Stabilization of Switched Nonlinear Systems

Lety = max {k },then
B

1<p<m-1

m-1 m-1
dg (x <5 AR ] (5)

a=1 p=

m-1 m-1
S| 1+ g2 ()
a=1 f=a

, then we obtain d2 (Xm(t ng, ie. X, (t)eK+eB, m=0,1,---s-1,

N}

Hence, it follows from (4) and (5) that
m-1 m-1 j

o (1 ><a+s[znew .

a=1 f=a

Il
LN

2
&

Let 0 =

m-1 m-1

1+ ZHeZJ/(ts*to)

a=1 f=a
and the claim of the proposition follows.o
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