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Abstract. This paper presents modified projective synchronization of two different hyperchaotic systems
using active and adaptive control method. The proposed technique is applied to achieve chaos modified
projective synchronization for hyperchaotic LU system and hyperchaotic Réssler system. Numerical
simulations results are presented to demonstrate the effectiveness of the method.
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1. Introduction

Since the idea of synchronizing chaotic systems was introduced by Pecora and Carroll [1] in 1990, chaos
synchronization has received increasing attention due to its potential applications in secure communication,
ecological systems, system identification, etc.

The concept of synchronization has been extended to the scope, such as complete synchronization[2],
generalized synchronization (GS)[3-6], phase synchronization[7-8], lag synchronization[9-10], and even
anti-synchronization[11-13].The generalized synchronization implies the establishment of functional
relations between drive and response systems. More recently, Li[14] consider a new GS method, called
modified projective synchronization(MPS), where the responses of the synchronized dynamical states
synchronize up to a constant scaling matrix.

Our attention in the present paper is to study modified projective synchronization of different
hyperchaotic systems .This paper is organized as follows: Section 2 describes the hyperchaotic LU system
and hyperchaotic Rossler system.

In Section 3 and Section 4 the modified projective synchronization of the hyperchaotic LU system and
hyperchaotic Rossler system is achieved via active and adaptive control. In Section 5 numerical results
demonstrate the effectiveness of the proposed control technique is presented. Finally, Section 6 contains a
summarized conclusion of the results.

2. Systems description

LU system as a typical transaction system, found by LU and Chen, which connects the Lorenz and Chen
attractors and represents the transition from one to the other .Recently, Chen Ai-min others proposed
hyperchaotic LU system[15].The hyperchaotic LU system is described by:

X =—a(X —X,)+X,

X, = CX, — X, X,

X, = XX, —hx, @)
X, = XX, +0X,

The system is based on LU system ,the first equation with a controller, the second with three equation
non-controller .\When a=36,b=3,c=20 andd take other different values ,System performance of the
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different dynamics :when—1.03<d <—0.46, system is a periodic orbit ;when—0.46 < d < -0.35 ,system is
chaotic attractor ;and when —0.35 < d <1.30 ,there are two index greater than zero system is hyperchaotic
attractor .The hyperchaotic attractor is shown in Fig.1.

The hyperchaotic Rossler system is studied by Rossler OE[16].The system is described by:

Yi==Y.—Y;
Yo=Y tay, +Y,
Vv = 2
y3 _b1+ y1y3
y4 =—CY; +d1y4

Where v,,Y,,Ys,Y, are state variables, and a,b,c,d, are real constants.

Whena, =0.25,b, =3, ¢, =0.5,d, =0.05 the system is hyperchaotic .The hyperchaotic attractor is shown
in Fig.2.
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Fig.1:Hyperchaotic attractors for the LU system. (a) Hyperchaotic attractor in (Xl, X5, X3) space; (b)

hyperchaoticattractor in (X, X;, X,) space.
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Fig.2: Hyperchaotic attractors for the Rossler system. (a) Hyperchaoti attractor in (yl, Y, y3) space; (b) hyperchaotic
attractor in (Y,, Y,, Y,) space.
3. Modifiled projective synchronization of two hyperchaotic systems via active
contro

To observe the modified projective synchronization behavior in hyperchaotic LU and hyperchaotic
Rossler systems, we assume that LU system drives the Rossler system. Therefore, we define the master as
the hyperchaotc LU system (1) and slave systems as follows.
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Yi==Y, =Y+ ul(t)

Yo =Yi+ay, + Y, +U,(t)
Ys = b1 TYiys + U3(t)
Yi=—CY;+ d1y4 +Uu, (t)
where u,,Uu,,U,, U, are four control functions to be designed; in order to determine the control functions to

realize modified projective synchronization between systems (1) and (3).Let us define the states of the MPS
errors for the slave system (3) that is to be controlled and the controlling system (3) as:

®)

& =Y~ aX
€, =Y, —a)X

4
€ = Y; — 35X @

€ =YX,
Where o ,a,,a,,a, are constant .Then two chaotic systems can be synchronized in the sense of MPS, i.e.,
lim|e|[=0,liml|e,|=0,lim|e,||=0,lim|le,| =0.
limfe,|=0,1im|e, = 0.lim]le,| = 0.lim]fe,|
From Eq. (4), we have the following error dynamics:
€ =—€, — 8 — X, — Xy —aa(X, — X)) — X, + U
€, =€ +ae, +e, +aX +a,a,X, +a,X, —a,CX, + a,X X; + U,

. )
€, =by + Y18, + V10X — X X, + X, + U
€, =—Ce, —CaX +de, +da,x, —a,xX —a,dx, +u,
Then, by defining the active control inputs u,, u,, U,, U, as follows:
U = a,X, + QX +aa(X, — X ) + a4 X, +V;
U, ==X, — 0, X, — 0, X, + 0,CX, — 0, X X5 +V, )
Uy = =Y, 0% + X X, —asbX, =Dy +Vv,
U, =+CaX, —(d, —d)a, X, + o, X X, +V,
this leads to:
€ =—6€—-6+V
€, =€ +ae,+e,+V,
)

€;=Y,8 +V,
e, =—Ce,+de,+v,
The error system (7) to be controlled is a linear system with control inputv;,V,,V, and v,as the function

of the error statese,, €,,€,and e, As stated ,as long aslim|le(t)||=0 , modified projective synchronization
t—ow

between the driver and response systems is realized, that is, the hyperchaotic LU system and hyperchaotic
Rassler system are Modified projective synchronization under a active control. According to the original

method of active control, v,,Vv,,V, and Vv, can be rewritten as

Vi &
V. e
21_pl 2 (®)
Vs €
Vv, €,

JIC email for subscription: publishing@WAU.org.uk



36 HongLan Zhu, et al: Modified Projective Synchronization of Different Hyperchaotic Systems

Where Aisa 4x4 constant matrix. In order to make the closed loop system (7) stable, the proper choice of
the elements of the matrix A is such that the system (7) must have all eigenvalues with negative real parts.
Let

-4 0 0 0
-1 -4,- 0 0

A H-a @)
0 0 -A4-y, O
0 0 C, —A,—d;

with 4 >0,4,>0,4,>0,4,>0 . So the eigenvalues of the closed loop system (7) are:

-4, <0,-4, <0,-4, <0,-4, <0 .Thus modified projective synchronization between hyperchaotic LU
system and hyperchaotic Rossler system is achieved.

4. Modified projective synchronization of two hyperchaotic systems via
adaptive control

The purpose of this section is to introduce a adaptive control law for resolving the modified projective
synchronization between the hyperchaotic LU system and hyperchaotic Réssler system with complete
uncertain system parameters.

In order to observe the modified projective synchronization behavior in the hyperchaotic LU system and
hyperchaotic Réssler system ,we assume that hyperchaotic LU system drives the hyperchaotic Rossler
system. Therefore, we define the master system and slave systems as follows

X =—alx —X)+X,
X, = CX, — X X,

X3 = X X, — DX, (10)
X, = XX, +0X,
And
rYl =Y~ YstU
Y=Y +ay,+Yy,+u,
Ys =b+Y,Y; +U; D
Yo =—CY;+dyy, +u,

where u,,U,,U,,u,are four control functions to be designed; in order to determine the control functions to

realize modified projective synchronization between systems (10) and (11).Let us define the states of the
MPS errors for the slave system (11) that is to be controlled and the controlling system (3) as:

E=Y.—aX
€, =Y, — )X,

12
€ = Y3 — 03X, (12)

€ =YX,
Where «,,a,,a;,a, are constant .Then two chaotic systems can be synchronized in the sense of MPS, i.e.,
lim|e,| =0, lim|e,| =0, lim|le; =0, lim|e, || = 0.

t—oo t—oo t—o t—>

From Eg. (12), we have the following error dynamics:
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€ =€, — €, — X, — Xy —aja(X, — X)) — X, + U,

€, =€ T a8, +&, + X + X, + X, — X, + X X + U,
& =by + Y, Y5 — X X, + agbX; + U,

€, =—C& —CaX; +de, +da, X, — XX —a,dX, +U,

(13)

For systems (10) and (11) without controlsu,, u,, U, U, , then the trajectories of two systems will quickly

separate from each other and become irrelevant. However, when controls are applied, the two systems will
approach modified projective synchronization for any initial conditions through control functions. With this
mind, we propose the following Theorem 1.

Theorem 1 Let us now define the adaptive control functions u,, u,,u,,u, as

U = a,X, + Xy + X, + 80 (X, — %) — ke,

U, =—ayX — X, — X X — 8,8, — A4, X, + ,CX, —€, —K,8,
Us = _61 —Yi¥s T XX, = 60‘3)(3 —kqe,

u, =Ce, +Cax, —de, —da, X, + o, x % +da,x, —k,e,

(14)

Where k;(i=1,2,3,4) is the control gains of positive scalars, 566&516161&1 are estimates of
a,b,c,d,a,b,c,d, respectively and the parameters adaptive laws of a,b,c,d,a,,b,c,d, as below

a=ae (X -X)
b =a,x,e,
C=—a,%e,
d=-a,x,e,

(15)

b =e,
6o

€,6, — X8,

d, =€ +a,x,e,
Then the uncertain mater system and response system is modified projective synchronized.

Proof : According to master system (10) and the controlled slave system (11), we get the error
dynamical system (13) can be described by

€ =da (X, —x)—e,—ke
e, =—8 (e, +a,X,) +Ca,X, +€ —K.e,
' .- (16)

€; =—b —ba,;x; —kqe,

&, =€ (e, + %) —de, —da,x, +da,x, — ke,
Where a:é-a,6=6—b,6=é—c,d=6|—d,51=él—a1,61=61—b1,61=61—c1,d=&1—d1. Consider
a Lyapunov function as

1 S S S
V:E(ef+e22+e§+e§+a2+b2+c2+d2+a12+b12+c12+d12) (17)

The differential of the Lyapunov function along the trajectory of error system (7) is
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V = e+6,6,+66,+e,e+ad+bb+66+dd +aar+ by bi+ 61 G+ d, dy
=¢ (ao (X, — %) —e, —ke)+e,(-3a(e, + a,X,) —Ca,X, +€& —kK,e,) (18)
+e,(—b, —ba,x, —kqe,) + e, (€ (e; + %) — die, — dya,x, + da,x, —k,e,)
+84+bb+c6+dd +ad +bb +cé +dd,
Substitute (14), (15) into (18), we get
V =—ke —k,e? —ke’ -k, =—e'Pe (19)
Where P =diag {k,k,,k;,k,} .
Since V is a positive decreasing function and V is negative semidefinite, we cannot immediately obtain
that the origin of error system (13) is asymptotically stable. In fact, asV <0, thenee,,e;,€, € L and

é,ﬁ,ﬁ,a,éi,ﬁl,él,dl e L, . From the error system (13), we have €,¢,,6,,6, € L_.Since V = —e"Pe, then

we have j; ;tmm(P)||e||2dt < j; e'Pedt < I;—th —V(0)-V () <V(0) . Where A, is the minimum
eigenvalue of positive-definite matrix P . Thuse,,e,,e;,e, € L,. According to the Barbalat’s Lemma, we
have e, »>0,e,—>0,e,—>0e, >0 . Thus in the closed-loop system
Y, = XL Y, = Xy Vs = 0K, Y, —> Q%85 T —> 00, e !Lrg||e(t)|| =0. Therefore, the slave system

(11) synchronizes the master system (10) in the sense of MPS. This completes the proof.

5. Simulation

In this section, we will show a series of numerical simulations to demonstrate the effectiveness of the
proposed control scheme. All simulation procedures are coded and executed using the Matlab software.
Fourth order Runge-Kutta integration method is used to solve two systems of differential hyperchoatic
systems .In addition, a time step size 0.001is employed.

5.1. simulations for active control
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Fig.3: Dynamics of modified projective synchronization errorse,, €,, €,,€, between hyperchaotic LU system and
hyperchaotic Rossler system with timet via active control.

We assume that the control gain (A4,4,,4,,4,)=(2,2,2,2) . We will select the parameters of
hyperchaotic LU system a =0.25,b =3,¢ =20,d =1 and the parameters of hyperchaotic Réssler system as
a, =0.25,b, =3,¢, =0.5,d, = 0.05.Therefore, both LU and Rdssler systems exhibit hyperchaotic behavior.
The initial values of the master and slave systems are (x,(0), x,(0), x,(0), x,(0)) =(0.3,2.5,3.2,0.2) and
(v,(0),y,(0),y,(0),y,(0)) =(-20,0,0,15) . So the initial values ofthe error system
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is(e (0),e,(0),e,(0),e,(0)) = (-20.3,-0.75,1.6,15.4) . The modified projective synchronization systems (1)
and (3) via active control law are shown in Fig.3.

5.2. simulations for adaptive control
We assume that control gainsk, =2(i =1,2,3,4). We will select the parameters of hyperchaotic LU

system a=0.25b=3,c=20,d =1 and the parameters of hyperchaotic Rdssler system
a, =0.25,b, =3,¢, =0.5,d, = 0.05 .Therefore, both the hyperchaotic LU system and hyperchaotic Rossler

system exhibit hyperchaotic behavior. As a test for verification of MPS of the system, let us take
a,=1a,=03,a,=-050a,=-2 and the initial values of the master and slave systems

are (x,(0), ,(0), X,(0), X, (0)) = (0.3,2.5,3.2,0.2) and (Y, (0), ¥, (0), y(0), y, (0)) = (~20,0,0,15) .So the

initial values of the error (e (0),€,(0),e,(0),e,(0)) =(-20.3,-0.75,1.6,15.4) .The modified projective
synchronization of systems 10) and (11) are shown in Fig.4.
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Fig.4: Dynamics of synchronization errors €,,€,,€,,€, between the master system and slave system with timet via
adaptive control.

o
M in
Y
1
]
1
1
|
!
{
|
l
|
1
|
|
|

-

in

Y
b

20

parameters estimation error
w
=
1 e
paramaiers estimation amar
o
Fr—
="

=

o
h
=
=
o

o 5 10 18 20

pa:amelar azfimation armar
o

parameters astimation arror

|
Iy
|

|

U- 5 I‘O 1‘!': 20 o I‘O 1‘!': 20
Time{s) Tima{s)
A~

Fig.5: Adaptive parameters estimation errors: &, 6, C, Ci, a,,b,c, &1
In Fig. 3 and Fig.4 we can show that the drive system and response system realize modified projective
synchronization quickly. At the same time we can see the estimate values of unknown
parametersa,b,c,d,a;,b,,c,,d, in Fig.5.

6. Conclusion

In this Letter, the modified projective synchronization of two different hyperchaotic systems has been
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studied. Certain controller and parameters update law are designed to synchronize two different hyperchaotic
systems based on the Lyapunov stability theorem, and numerical simulations are also given to show the
effectiveness of the proposed method.
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