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Abstract. Sufficient and necessary conditions for extended Cesaro operators from Qy spaces into

weighted Bloch spaces B# and logarithmic Bloch spaces B, in the unit disc to be bounded are obtained.

log

Keywords: Cesaro operators, Q, spaces, weighted Bloch spaces, logarithmic Bloch spaces

1. Introduction
Let D be the open unit disc of the complex plane C, H (D) be the space of all analytic functions in D.

A positive continuous decreasing function on the interval [O, 1)is called a normal function if there are

w(r) w(r)
@-r) @-rf

constants a, b, & such that 0<o6<1, O<a<b<+ow, and is decreasing and

increasing on [5, l),

Moreover, rII_T (l’u_(:))a =0 and rILrP (1’11_(:))b = +0. For ze D, we can extend its definition, z4(z)= y([z|).

The weighted Bloch spaces
B, = {f eH (D){” fll, =supu(z)f'(z)< +oo}
“ D
are Banach spaces under the norms | f], =|f(0)+supu(z)f'(z). Specially, when ,u(z):(l—|z|2)a,
H D

0<a <+, we get a -Bloch spaces B, ; when 1(z)= (1—|z|2)log(2/(1—|z|2», we get logarithmic Bloch
space By, .

Let Aut(D) be the holomorphic automorphism group on D under composite transformations of D.

Forae D, ¢a(z):(z—a)/(1—éz)e Aut(D), green function g(z,a) on D with pole a € D is given by

* Corresponding author. Tel.: +86-25-58731160.
E-mail address: zhangspaces@163.com.

Published by World Academic Press, World Academic Union


mailto:zhangspaces@163.com

4 YaPing Cheng et.al. : Bounded Extended Cesdro Operators From QK Spaces into Weighted Bloch Spaces

g(z,a)= Iogﬁ , A= @ is the normalized Lebesgue area measure, the Banach spaces Q, spaces
a

consist of those f e H(D) such that
I1]5, =sup] | @) K(g(z.a)da <+

where K:(O,+oo)—>[0,+oo) is right continuous nondecreasing function, ¢, (s)=supK(st)/K(t),
0<t<1

0 <s <+, hence ¢, also is right continuous nondecreasing function. Suppose that ¢, always satisfies

the following conditions: (for more dedails, please see [1] [2])

1 d +00 d
j P« (S)?S < +00, J. P (s)s—f <+, (1)

0 1
For a holomorphic function f e H(D) with Taylor expansion f(z):Zanz” , Cesaro operator C
n=0

actingon f is defined by

o\ N+1i=

c[f](z)zi”(iiakan.
By computation, we see that
1,z 1 1,z 1 ,
C[f](z)=zjof(§)ﬁd§=;Iof(§)[|ogﬁj dg.

On most holomorphic function spaces, C[f] is bounded if and only if the integral operator

!

f— Zf(; IogL d< is bounded. From this point of view, it’s natural to consider the extended Ces
0 1-¢

aro operator T, with holomorphic symbol g € H (D):

(T, )2)=[ (S )de.

Sufficient and necessary conditions for the Cesaro operator on Q, space in the unit disc to be
bounded were given in [3], boundedness of the Cesaro operator on « -Bloch spaces B, was studied in
[4][5], Sufficient and necessary conditions for the extended Cesaro operator T, from Q, space into « -
Bloch spaces B, to be bounded were obtained in [6]. However, in this paper, we generalize the results in [6],
characterise boundedness of the extended Cesaro operator T, from Q, space into the weighted Bloch spaces

B, in the unit disc, and discuss some relationships between bounded extended Cesaro operators.

2. Bounded extended Cesaro operators

Lemma 1" If K satisfies the condition (1), then we have log(1-z)e Q, .
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Lemma 2 If f €Q,, then for each z e D, we have |f(z) <log

il
1-[
Lemma 3" If K satisfies the condition (1), 0<a <+, then T, :Q, — B, is a bounded linear
. . 2y, 1
operator if and only if sup(1—|z| )a|g (z)||ogl—|| < 400,
D —\|Z
Lemma 4 There exists 1, (0, 1), such that for |z|> 1, we have

(1_2'327 <ulz)<f-lf .

Proof. The details can be omitted.

Lemma 5 There exists I, € (0, 1), such that for |Z| >1,, arbitrary o, 0 <« <1, we have

(oa2—f)< -l Joo <)

Proof. The details can be omitted.

Theorem 1 If K satisfies the condition (1), then T, :Q, — B, is a bounded linear operator if and only

if sup(z)g'(z)log L oo,
D 1—|Z|

Proof. Proof of necessity. If T, :Q, — B, is bounded, taking f(z)z Iog1 17“9 , by lemma 1, we
—-e

get f (z) € Qy . By lemma 3, we obtain for arbitrary ze D,

(1, ) (2}u2) = 2o @) uc) ‘ 2)log 1 |uf2)<

< +00,

Here constant M is independent of f . Taking z=re'’, |g'(z)u(z Iog |_ M||f||QK < +o0, then we

have sup 4(z)g'(z)log B
D 1—|Z|

Proof of sufficiency. Let f( ) € Q. Supu )|g )|I0g <400, by lemma 2, we get

—| |
(1, ) (@)uule) = | ()0 (2)u2) <o @ ul2) £, uogl_iw

hence T, :Q — B, is bounded. We complete the proof.

As a consequence of Theorem 1, we obtain theorem 2 at once.

Theorem 2 If K satisfies the condition (1), then T :Qx — B,,, is a bounded linear operator if and only

log
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2 log 1 < +00
1—|z|2 1-|7]

if sup(l— |z|2)g'(z)|log
D

Theorem 3 If T, : Q¢ — B, is bounded if and only if there exists a (0, +o0) such that

T, :Qx — B, isabounded.

Proof. By theorem 1, lemma 3 and lemma 4, we complete the proof.

Theorem 4 (1) If T, :Q, — By, is bounded, then T, :Q, — B, is a bounded, where B, = B is the

log
classical Bloch space. (2) If exists & (0,1) such that T,:Qx — B, is abounded, then T, :Q, — B, is

bounded.

Proof. By lemma 3, lemma 5 and theorem 2, we complete the proof.
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