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Abstract. Sufficient and necessary conditions for extended Ces à ro operators from KQ  spaces into 

weighted Bloch spaces B  and logarithmic Bloch spaces logB  in the unit disc to be bounded are obtained.   
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1. Introduction  

    Let D  be the open unit disc of the complex plane C ,  DH  be the space of all analytic functions in D . 

A positive continuous decreasing function on the interval  1,0 is called a normal function if there are 

constants a , b ,  such that 10  ,  ba0 , and 
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. For Dz , we can extend its definition,    zz   . 

The weighted Bloch spaces  
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2

1 zz  ，

0 , we get  -Bloch spaces B ; when       22
1/2log1 zzz  , we get logarithmic Bloch 

space logB . 

Let  DAut  be the holomorphic automorphism group on D  under composite transformations of D . 

For a  D ,      zaazza  1/   DAut , green function  azg ,  on D  with pole a  D  is given by 
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dA  is the normalized Lebesgue area measure, the Banach spaces KQ  spaces 

consist of those  DHf   such that  
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where     ,0,0:K  is right continuous nondecreasing function,      tKstKs
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 s0 , hence K  also is right continuous nondecreasing function. Suppose that K  always satisfies 

the following conditions: (for more dedails, please see [1] [2]) 
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For a holomorphic function  DHf   with Taylor expansion   n

n

nzazf 





0

, Cesàro operator C  

acting on f  is defined by  

   n

n

n

k

k za
n

zfC  


 













0 01

1
. 

By computation, we see that 

     


 df
z

zfC
z


  1

11

0
  


 df

z

z












  1

1
log

1

0
. 

On most holomorphic function spaces,  fC  is bounded if and only if the integral operator 
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 is bounded. From this point of view, it’s natural to consider the extended Ces

àro operator gT  with holomorphic symbol  DHg :  

  zfTg      dgf
z
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. 

       Sufficient and necessary conditions for the Cesàro operator on KQ space in the unit disc to be 

bounded were given in [3], boundedness of the Cesàro operator on  -Bloch spaces B  was studied in 

[4][5], Sufficient and necessary conditions for the extended Cesàro operator gT from KQ space into  -

Bloch spaces B  to be bounded were obtained in [6]. However, in this paper, we generalize the results in [6], 

characterise boundedness of the extended Cesàro operator gT from KQ space into the weighted Bloch spaces 

B  in the unit disc, and discuss some relationships between bounded extended Cesàro operators.  

 

2. Bounded extended Cesàro operators  

Lemma 1
]2[
 If K satisfies the condition (1), then we have   KQz 1log . 
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Lemma 2
]7[
 If KQf  , then for each Dz , we have  
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Lemma 3
]6[
 If K satisfies the condition (1), 0 , then gT : KQ  B  is a bounded linear 
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Lemma 4 There exists  1,00 r , such that for 0rz  , we have  
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Proof. The details can be omitted. 

Lemma 5 There exists  1,00 r , such that for 0rz  ,  arbitrary  , 10  , we have  
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Proof. The details can be omitted. 

Theorem 1 If K satisfies the condition (1), then gT : KQ  B  is a bounded linear operator if and only 

if      



z

zgz
D 1

1
logsup .  

Proof. Proof of necessity. If gT : KQ  B  is  bounded, taking  
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get   KQzf  . By lemma 3, we obtain for arbitrary Dz ,  
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Here constant M  is independent of f . Taking 
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Proof of sufficiency. Let   KQzf  ,     
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hence gT : KQ  B  is  bounded. We complete the proof.  

As a consequence of Theorem 1, we obtain theorem 2 at once. 

Theorem 2 If K satisfies the condition (1), then gT : KQ  logB  is a bounded linear operator if and only 
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Theorem 3 If gT : KQ  B  is bounded if and only if there exists   ,0  such that 

gT : KQ  B  is a bounded.  

Proof. By theorem 1, lemma 3 and lemma 4, we complete the proof.  

Theorem 4 (1) If gT : KQ  logB  is  bounded, then gT : KQ  1B  is a bounded, where BB 1  is the 

classical Bloch space. (2) If  exists  1,0  such that gT : KQ  B  is a bounded, then gT : KQ  logB  is  

bounded.  

Proof. By lemma 3, lemma 5 and theorem 2, we complete the proof.  
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