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Abstract. In this paper, we study the characterization of nonuniform wavelet sets on positive half line and
we also prove the existence of nonuniform wavelet sets associated with the dilation N and the translation set

Ay= {U, f} +Z7.N =1 (an integer) and = is an odd integer with 1 = » = 2N — 1 such that » and N are
relatively prime and Z7 is the set of non-negative integers.
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1. Introduction

The concepts of wavelet and multiresolution analysis has been extended to many different setups. One can
replace the dilation factor 2 by an integer M = 2 and one needs to construct N — 1 wavelets to generate the
whole space L*(I). In general, in higher dimensions, it can be replaced by a dilation matrix 4, in which case
the number of wavelets required is |det.A| — 1. But in all these cases, the translation set is always a group. In
the two papers [5, 6], Gabardo and Nashed considered a generalization of Mallat's [13] celebrated theory of
MRA, in which the translation set acting on the scaling function associated with the MRA to generate the
subspace 1% is no longer a group, but is the union of T and a translate of Z. More precisely, this set is of the
form {U, %} + 2Z, where N = 1is an integer, 1 = » = 2N — 1, r is an odd integer relatively prime to . They

call this a nonuniform multiresolution analysis (NUMRA) and is based on the theory of spectral pairs.
Farkov [3] has given general construction of compactly supported orthogonal p-wavelets in L2{R*). Farkov
et al. [4] gave an algorithm for biorthogonal wavelets related to Walsh functions on positive half line. Shah
[15], studied the construction of p-wavelet packets associated with the multiresolution analysis defined by
Farkov [3], for L*(F&*). Meenakshi et al. [14] studied NUMRA on positive half line. Recently, Shah and
Abdullah [16], have constructed nonuniform multiresolution analysis on local fields of positive characteristic
and proved the necessary and sufficient condition for the existence of associated wavelets.

In the present paper, we study characterization of nonuniform wavelet sets on positive half line and we
also prove the existence of nonuniform wavelet sets associated with the dilation N and the translation set

AIN = {ﬂ,%} + Z*,N > 1is an integer and r is an odd integer with 1 = r = 2N — 1 such that r and N are

relatively prime. This paper is organized as follows. In Sec. 2, we present a brief review of generalized
Walsh functions and polynomials, the Walsh-Fourier transform. In Sec. 3, we study characterization for
nonuniform wavelet sets and proves their existence.

2. Notations and preliminaries

Throughout we shall denote 4] and y 4(&), respectively Lebesgue measure and characteristic function of
A. If N = 1isan integer, we define

Ii={mN+j:meZ* j=01.,N-1)
and if r is any odd integer with 1 = = 2N —1 such that r and N are relatively prime, the set

v ={o}+zt
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2.1. Walsh-Fourier Analysis

Let p be a fixed natural number greater than 1. As usual, let B* = [0,2¢) and Z+ = {0, 1, ... }. Denote by [x]
the integer part of x. For x € R* and for any positive integer j, we set

xX; = [pfx](mnd P}; x_;= [pl_-"x](mu:ud p}, (2,1}
where x;, x_; € {0,1,..,p — 1}

Consider the addition defined on E* as follows:

x@®y=) gpite ) &y 22)

j=0 =0
with
§;=x;+y;(medp),  jEIN{0}, (2.3)

where £; € {0,1,...,p— 1}and x;, y; are calculated by (2.1). Moreover, we writez =x S v ifz By = x,
where & denotes subtraction modulo  in B*.

For x € [0,1), let ry(x) be given by
1
1, X E [{],—)
ol

€l, x€ljp L+ Lp), j=12..,p-1,

(2.4)

rplx) =

where €, = exp ?) . The extension of the function 7, to R* is defined by the equality
rp(x + 1) = r(x), x € B*. Then the generalized Walsh functions {e,,, ()}, ez+ are defined by

oo =1 w0n@ =] [(n@x)",
=0

where m = E_J;:ﬂ#}'p}..l Hj = {ﬂ.l 11 21 Y 1}J.Iu'k = 0.

For x, w € B¥, let
2mi =
x(x,w) = exp ?Z{x}-m_}-+x_}-m}-} , (2.5)
=1

where x; and w; are calculated by (2.1).

We observe that

m _ X _ X 1 —
XXJF —XFJTH —mmF "E"IXE[{]J'FF }J me L7,

The Walsh-Fourier transform of a function f € L*(R*) is defined by
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flw)= Lj(ﬂ x(xw) dx, (2.6)

where y(x,e) is given by (2.5).

If f € L*(RY) and
Jof(w) = j fOTEm@ dx (a<0), @n

then f is defined as limit of J,f in L*(R* ) as a — co.

The properties of Walsh-Fourier transform are quite similar to the classical Fourier transform. It is
known that systems {x{ea,. )}, and {x(., @)}, are orthonormal bases in L*(0,1). Let us denote by {w}
the fractional part of w. For I € Z%, we have y(l, w) = x(I,{w}).

If x, v, w € R* and x &5 y is p-adic irrational, then
FxByw =ylxwyyw),, rxBye)=yxao)ylyo), (2.8)

Definition 2.2. Let N = 1 be an integer and r be an odd integer with 1 =+ = 2N — 1. A collection of
functions ¥ = {yY*:k = 1,2, ..., K} < L*(R*) is called a set of wavelets associated with the dilation N and

the translation set A  if the family {w}’.i,-l:k =12,.,K, jETL, A€ ﬁ::N} forms a complete orthonormal

system for L2(R*), where 3, (x) = Niw"(ﬂﬂx S 1),

3. Main Results

Lemma 3.1. Let N = 1be an integer and r be an odd integer with 1 =+ = 2N — 1. Letg € L*(R*)
with [l@llz=rz+) = 1. Then

(i) For a given odd r, the collection {¢(x & A)} -+, is an orthonormal system in L*(R*) if and only if

Y Ie¢+mIP=1  forae em (3.1)
pEZt
and
> x(5.p) 8¢+ =0 forae ¢em*. (32)

peEZt
(ii) The collection {g@(x GA}}AE_.L;N is an orthonormal system for every odd integer r with 1 =+ = 2N —1

if and only if

D IBEONE=1 forae feR: (3.3)

veln

Proof. The proof of (i) is given in [14]. We will only prove (ii). By (i), the collection {¢{x BA}}AE_QN is
an orthonormal system for every odd integer r with 1 = r = 2N — 1. Define,
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G@)= ) 18E S @N+)% 0=/ <N, forae R

geEt

and cq(&) = ¢ (). Suppose that (3.1) and (3.2) hold for every odd r with1 =+ = 2N — 1. By (3.1), we
have

N-1

D =1 (34)

j=e

By (3.2), we have

0= Z x(%m) |@(& + p)|?

peEZt

Z Z x(wqﬂfﬂ) 195 S (g +))I?

gELY j=
N-1_ = N—1
=) x(5) | 2 16 O @+ —Zx(.w; )o@, (35)
J=o gt
From (3.4), we have
Z Y BES@N+MIE=1 forae fERY,
j=0 gez¥

@Eoy)F=1 fora.e. £ € RT.
yel'y

Conversely, suppose that (3.3) holds, for a. e. &# € R*. Clearly (3.1) and (3.2) hold for each odd r with
1= = 2N —1 by using (3.4) and (3.5). This completes the proof.

The following theorem follows as a special case of Calogero's characterization of wavelets on
general lattices with expansive matrix dilations ([1, Theorem 3.1]). This result can also be obtained from
various more general results that have appeared recently in the literature characterizing certain normalized
tight frame system (see [8, 9, 17]).

Theorem 3.2. Let1 =r = 2N — 1 be a fixed odd integer. A collection ¥ = {¢*:k = 1,2, ..., K} < L1*(R¥)
with [ *[| zzey =1, k=1,2,...,K, is a set of wavelets associated with the dilation N and the translation

set Ajy if and only if for a.e. £ € R*;

ZZIw’*(N~f}I =1 (36)

=11k

and forany g € Z*4 2N Z

K
AGE ZZW(H&)W(M(H@H(HX q)z FOPFC+D =0 (7

=1Ii=1 k=1
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Definition 3.3. Let ¥ = 1 be an integer and r be an odd integer with1 =+ = 2N —1. Let W = R* be a
measurable set with [I¥’] = 1. We call I/ a wavelet set associated with the dilation N and translation set Ay

if F72(x,,(2)) is an orthonormal wavelet in the sense of Definition 2.2 (with K = 1), where F ~* denotes the
inverse Walsh-Fourier transform.

Lemma 3.4. Let W cR* be a measurable set with finite measure and ¥(x) € L2H(R™) with
MGIE Ty (2. If 4 satisfies (3.1) and (3.2) for a fixed odd integer r with 1 = r = 2N — 1, then it also
satisfies (3.7) (with K = 1 and ¢»* = 4») for the same r.

Proof. Fixany g € Z*\ 2N Z*. If $(N'¢) = 0 for afixed I = 0, then
|‘:DN{N:5}|=XW(N:§}=1J a.e. £ ERT.

From Eqn.(3.1), we have

[b(Ne+p)| = 1.
peZtjo}

There exists an integer p':ﬂ'{f} =+ 0 such that

[ +p (D) =1
and

d(Ne+p) =0, peZ*\{0,p0(®) (38)
From Eqn.(3.2) and above equalities, we have
SopD(§)< € 22* + 1and p(¢) € 2NT*
When [ = 1, from Eqgn.(3.8), we have
Y(N'(E+q) =d(Ne+N'g) =0,
since p'? (&) = N'g. Therefore,

D W) PN E+a) =0 forae. R, (3.9)
=1

If Y2(£) = 0 then, whether or not g = p‘® (&), the previous argument with I = 0 shows that

P(E+q) (1+ x(% q)) =0.

Eqgns.(3.9) and (3.10), proves the equality (3.7) with K = 1.
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Lemma 3.5. Let W < R* be a measurable set with finite measure. Then, the following two statements are
equivalent

(A) For a.e. £ € B*, we have

Z xw(§+p) =1 and X{%JP) xw(§+p) =0,

peEEt pEE
where r is a fixed odd integer coprime to N with 1 =+ = 2N — 1.

(B) For a.e. £ € B*, we have

Z wlEoy) =1

yeln

Proof. Lemma 3.1 with & = yy, shows that (B) =(A). Conversely, assume that (A) holds. For a.e. & € R¥,
there exists a positive integer 7y = py (&) such that

E+p EW and F+p€W, peI*\{p}

by the first equality in (A). Then X&,pi) =0 by the second equality in (A). Then
& €W —py =W +mN +j. This means that W — p; must be a component of U, (W €& ). since £ is an
arbitrary element of B*. Therefore UpergfWeBy) = R* where the union is disjoint, which is equivalent to

(B).

The following theorem provides a characterization for nonuniform wavelet sets and proves their
existence.

Theorem 3.6. Let W = E* be a measurable set with || = 1. Then, the following three statements are
equivalent

(A) F ‘1{;1_“,&)} is a wavelet associated with the dilation N and the translation set _.-123; for one particular
odd r primeto Nwith 1 =+ = 2N — 1.

(B) (i) Ujez N'W = R¥ and (ii) Uyergf Wb y) = ™, where both unions are disjoint almost everywhere.

(C) For every odd integer r with 1 = ¢ = 2N — 1, T_l(ff.w(i}} is a wavelet associated with the dilation N
and the translation set A y.

Moreover, a measurable set 14" satisfying the three previous equivalent statements always exists.

Proof. From Eqn.(3.6) with K = 1; we have
Z|¢Hk{w:f}|2 =1, for a.e. & € RY,
1eZ

by replacing 1 (£) by 7,,,(£), we have

Z:ﬂw{?‘f’f}=1, ie. UN!H-":]E#
IEE

IEE
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In Egn.(3.3), by replacing ¢ by 4, we have
Y lbeenl =1 forae cew,
yely
above is equivalent to
Z wlEBy)=1 ie U(W'@Y}=E+-
vels vell
If (A) holds, part (i) of (B) is a consequence of Theorem 3.2, while part (ii) of (B) follows from Lemma 3.1
and Lemma 3.5. On the other hand, if (B) holds, (C) follows from Lemma 3.1, Lemma 3.4 and Theorem 3.2.

Since (C) obviously implies (A), this proves our claim.

We now prove the existence of such a set W. Consider the set

WEWENC

Note that E satisfies the following condition

N—-1

D xS Wm+ ) =1 (3:11)
meZ+ j=0
Let
1 N

F = [GJL—}) U [T,N)

and F satisfies the following condition
D i =1 (3.12)
iez+

Since 3 is an interior point of E and F is bounded away from 3 and has nonempty interior. By using the result

of Dai et al. [2], we can construct a measurable set W which is both NZ*-translation congruent to E and N-
dilation congruent to F. Equivalently " satisfies

D xwEONm)= ) xp(¢© Nm) (313)
and
D @ =)z (). (3.14)

It follows immediately from(3.11), (3.12), (3.13) and (3.14) that the conditions in (B) are all satisfied by the
set I/, and this completes the proof..
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