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Abstract. In this article, we use the modified simple equation method to construct the exact traveling wave
solutions for some nonlinear PDE's in mathematical physics namely the coupled Hirota — Satsuma KdV
equations and the generalized coupled Hirota — Satsuma KdV equations. Based on this formulation, solitary
solutions can be easily obtained by using the proposed method. Some known solutions obtained by the tanh-
coth method are recovered as special cases. The proposed method is direct and more powerful than the other
methods.
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1. Introduction

The nonlinear complex physical phenomena are related to nonlinear partial differential equations
(NLPDEs) which are involved in many fields from physics to engineering, biology, chemistry, mechanics,
etc. The exact solutions to nonlinear partial differential equations (NLPDES) play an essential role in the
nonlinear science, in that they may provide much physical information and help one to understand the
mechanism that governs these physical models. Many powerful methods have been presented to construct
the each solutions such as the Backlund transform [1], the homogeneous balance method [2], the extended
tanh-function method [3,4], the F-expansion method [5], the exp—function expansion method [6], the
generalized Riccati equation [7,8], the sub-ODE method [9,10], the extended sine-cosine method[11], the
complex hyperbolic function method [12,13], the (G'/ G)-expansion method [14,15,16], the modified
rational Jacobi elliptic functions method [17], and so on.

In this article, we use the modified simple equation method [18,19,20,21,22] to calculate the exact
solutions of some NLPDEs in mathematical physics, namely the coupled Hirota — Satsuma KdV equations
and the generalized coupled Hirota — Satsuma KdV equations.

2. Summary of the modified simple equation method

In this section, we would like to outline the main steps of this method as follows:
We consider the following nonlinear partial differential equation

U (U,uy ,Ug Uyt Uxx \Ug o) =0. (2.1)
Step 1. We use the following travelling wave transformation
u(x,t)=u(d), & =X +ct, (2.2)

where C is an arbitrary constant to be determined latter. The transformation (2.2) permits us to convert the
PDE (2.1) to the ODE in the following form

P@u,u’,u”,..)=0, (2.3)
where P is a polynomial in U and its total derivatives with respect &.
Step 2. We suppose that equation (2.3) has the following solution form
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where A, are arbitrary constants to be determined latter, such that A, =0, and (&) is an unknown

function to be determined latter.
Step 3. We determine the positive integer N of the formal polynomial solution equation (2.4) by balancing
the highest nonlinear terms and the highest-order derivatives in equation (2.3).

Step 4. We substitute (2.4) into (2.3); we calculate all the necessary derivatives u’,u”,..., and then we

account the function (&) . As a result of this substitution, we get a polynomial of % and its
7%
derivatives. In this polynomial, we equate all the coefficients of it with zero. This operation yields a system

of equations which can be solved to find A, and /(&) . Consequently, we can get the exact solution of Eq.
(2.2).

3. Applications

The AODV s a reactive routing protocol that combines the advantages of both protocols, Dynamic

Source Routing (DSR) and DSDV [22]. If a node using AODV protocol for communication, send a message
to a destination node for which it does not have a valid route to, it initiates a route discovery process to locate
the destination node [23].
In this section, we use the modified simple equation method to construct the exact solutions for the the
coupled Hirota — Satsuma KdV equations and the generalized coupled Hirota — Satsuma KdV equations
which are very important in the mathematical physics and have been bailed attention by many researcher in
physics and engineering.

3.1. Example 1. The coupled Hirota — Satsuma KdV equations
In this section, we study the coupled Hirota — Satsuma KdV equations[23,24]

U, = luxxX +3uu, —6vv,,
41 (3.1)
Vv, = —EVXXX —3uv, .

We use the travelling wave transformation,

u=U(g), v=V(<%), 3.2)
where & = X— At. The transformation (3.2) permit us to convert Egs.(3.1) into the following ordinary
differential equations

AU +%U”+§U2 ~3V24+C, =0,

L (3.3)
—/1V’+§V"+3UV’ =0,
where C, is the integration constant. Balancing the highest order derivative U " and the nonlinear term U 2

and V2 in Eq.(3.3), we get N =M =2. Consequently, the solutions of Eq. (3.3) takes the following form

, , 2
U =ao+a1('”(§)j+az[‘”(5)] |

l/f(é) 1/7(5) : 3.4
V =b, +b1(W(§)j+b2(W(§)J |
w(&) w(&)

where a,,b,,8,,b;,b,, are constants to be determined later, and w(&) is an arbitrary function to be

determined later. Substituting (3.4) into (3.3) and equating all the coefficients of (&) to be zero, we
obtain
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2,3 2

Aa, —3b, +Ea0 +C, =0,
3 3

—3b22 +§a2 +§a22 = 0,

(3a,a, + Aa, —6bb, )y’ + %alw”’ =0, (3.5)

212 3 ron 12 1 12 12 12 1 nom 3 2,12
-3by _Zaﬂ// y" +3a,a,0 +Eazl// + A8,y "" —6b,byy " + = 5 QLYY+ 2 a, ' =0,
5 2..n 13 1 13 13
_Eazl// y"+3a,8,y +53-1W —6b,by " =

and
6a2b2 +12b2 = O,

(32~ 20, )"+ by =0,

n ’ 3 " 14 ] ! ] "
—2by "y 5 "+ 30, "w " + by 'y () 4 (=Baghy + Aby Jw'? —(24b, —6bya, —3ayby 'y =0,

(6, +6ayb, +3a,b, )y '2w" —(3b,a, + 6b,a, — 24b, w'"* —12b,y 'y "? — Thyy 2" =0,
—(8b, +3a,b, +6ab, )w'*) +(27b, +6a,b, )y 3y" =0,

(3.6)
With the help of Maple software package, we solve Eq. (3.5) and (3.6) to yield the following families:
Family 1.
1., 4
a, =-1, a =A, g =——A +—
2 1 =A 0 6 A 3
b, =0, b1=il,/3(Af—81), bo=i%w/3(Af—8/1),
_/12 1 4 Alzﬂ“ M(E+AY)
C=—Ft—~A ———, = e 2) 4
S s V()= 4 Ay
(3.7)
where A, A,,A; and A are arbitrary constants. The solution of Eq. (3.5) takes the following form
2
A(E+A2) A(E+A2)
v :_%Af +%+A12[A3Ai+e”i(f+A2)j_Af(A3Ai+eA1(‘f+A2)J !
, ) (3.8)
~ ﬁ 7 —ﬁ 7 phu(&+Ag
Vv _ilz VA -81)F 5 V(A -81) A3A1+epﬁ(‘§+A2) ,
In the special case when A; =1/ Al the solitary wave solutions take the form:
U ————A1 += A1 sechz[ A(E+A, )},
(3.9

v =¢%~/3( A? —8/1)tanh[§A1(.§+ A, )},

Family 2.
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1, A
a; =2, a =2A, aQ=—-=A+=,
2 1 A 0 5 3
1 21
b, =1, b, =—A,, by = —A? -2, 1
2 1 A o 12A1 3 (3.10)
547 M(E+AD)
c:——— 1 2) 4 A,
1= A w(&)= A

where A, A2 ,A3 and A are arbitrary constants. The solution of Eq. (3.5) takes the following form

2
AM(E+A2) M(E+A2)
U=—%A12+%+2A1{ ¢ j—ZAf( ¢ J ,

A(S+A2) A(S+A2)
+e +e
Aoy Aoy 2 11
A(e+A2) A(c+A2)
e e
:_Alz A ARy |TA A(EAg) |
AA +e 2 AA +e 2
In the special case when A; =1/ A, the solitary wave solutions take the form:
U—%—%Al+ AZ sech [ A1(§+A2)},
. 2 A1 (3.12)
V=—"A>2 sech +A) |,
oM T3, { A(S 2)}
Family 3.
1., A
a, = -2, a =2A, ay=—=A +—,
2 1 =2A 0 5 3
1 22
b, =-1, by =A, by =-SA T B3
51%
— — A(S+A2)
Ci=———= e +
1= Al p(g)= A Ag
The solution of Eqg. (3.5) takes the following form
2
1., A [ ehlsA) [ ehsA)
U=-gA +§+2A1(A3Al+eﬁq(§+/*2) —2A; A A +eACER) |
(3.14)
2
=——A12 2,1 A eM(5+A2) A eM(5+P9)
A3A1+eA1(§+A2) A A LehletA) )
In the special case when A; =1/ A, the solitary wave solutions take the form:
U—%—%Al+ AZ sech [ A1(§+A2)},
. 2 W . (3.15)
2 2
-—— A" +—+—sech?| = +A) |,
A e LA y)|
Family 4
A 1 — ~ 2

The solution of Eq. (3.5) takes the following form
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2
UJ{LJ |
3 \AS+A,

(3.17)
V=4t VTOAA 614
T3AE+HA,
3.2 Example 2. The generalized Hirota — Satsuma KdV equations
In this section, we study the generalized Hirota — Satsuma KdV equations [23,24]
1
Ug =5 Yoo +3uu, +3(-vZ +w),,
1
Vv, = —EVXXX —-3uv,, (3.18)

1
W, = —EWXXX —3uw,,

We use the travelling wave transformation,
u=U(g), v=V(s), w=W(S) (3.19)
where & = X — At. The transformation (3.19) permit us to convert Egs.(3.18) into the following ordinary

differential equations

AU +%u"+§u2+3(—v2+W)+c1 =0,

—/1V’+%V”+3UV’=0, (3.20)

—ZW'+%W’”+3UW’=0,

where C; is the integration constant. Balancing the highest order derivative U " and the nonlinear term U 2

and V2, consequently, the solutions of Eq. (3.3) take the following form

, , 2
U =a, +a{mj+a2(MJ :

w(<) w(<)
, , 2
V =by + b{%)+ b, (%} , (3.21)
, , 2
W=L,+ L{M}r L{MJ ,
w(<) w(S)

where a;,b;,L;(i=012) are constants to be determined later, and /(&) is an arbitrary function to be

determined later. Substituting (3.21) into (3.20) and equating all the coefficients of (&) to be zero, we
obtain
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a, —3b; +ga§ +3L, +C, =0,
3 3
—3b22 +Ea2 +§a22 :0,
(3a,a, + Aa, —6b,b, + 3Ly’ +%a11//"’ =0, (3.22)
2 3 2 12 3 1 rom 1
(-3b" +3a,a, —6h,b, +Eal +Aa, +3L,)w ~2 wy'+= 5 ayy"+= > a,p"’ =0,
_gazl//'zl//"‘*‘35511"5‘2%//3 4‘%a1'//,3 —~6b,by " =0,

14 1
(30,3, — by )y +§b1W(4) =0,

—2byy" '—g W+ 30, "y " + by ) 4+ (=3agby + Ab, Jw'? —(24b, —6b,a, —3ab, 'y =

(6, +6ayb, +3a,b, )w'2w" —(3b,a, + 6b,a, — 24b, w'"* —12b,y 'y "? — Thyy 2y =0,
—(3b, +3a,b, +6ab, )y *) +(27b, +6a,b, Jy"*y" =0,

(3.23)
and

(3Lay — 4L, )W"JF%LlWM) =0,

" m

n ! 3 14 I !
= 2Ly "y =S Ly 3Ly Loy y ) (<BagLy + AL
_(2/1L2 - 6L280 _Sall_l )l//"//” = 0,
(6L, +6a,L, +3a,L, Jw'?w"—(3La, +6L,a, —2AL, Jw'® —12L,p/'w"? = TL,p"*y" =0,

— (3L, +3a,L, +6a,L, )Y +(27L, +6a,L, Jy"*y" =0,
2 1-2 2 22

(3.24)
With the help of Maple software package, we solve Egs. (3.22) , (3.23) and (3.24) to yield the following
families:

Family 1.
1 y) 1 22
a; =-1, a =A, ao=—€Af+—, 01=—A14 /IAl -~ 3k,
1 - "
b1=i€,/3(Af—8;t), b0:+%1/3(Af—8/1), w(f)—Aie/’i(f ) 4 A (3.25)
b, =L, =0,

where A, A,,A;, Ly,L; and A are arbitrary constants. The solution of Eq. (3.19) takes the following
form
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2
M(E+A) M(E+A)
U--1az+lipz Ry - ,
6 3 AA 1 ehu(é+A2) AA 1 ehu(é+A2)
M(E+A2)
_ e
- Al‘/3(A1 _8A)+= Al,/S(Al 8/1( eAl(MZ)], (3.26)
eh(s+A2) ]

In the special case when A; =1/ A, the solitary wave solutions take the form:
A1

U_E—EA]_'F A139Ch |: A1(§+A2):|,

V= i%w/3( A —sz)tanh[EAl(g +A, )} (3.27)

W=L,+LA + LlAitanh{%Al(§+ A, )}

Family 2.

a, =2, a, =2A, aoz—%A12+§,

b, =11, b =FA, bo=i%$%iéAf,le—L2Al, (3.28)
S Bl B e, ) e

where A, A,,A;, Ly,L, and A are arbitrary constants. The solution of Eq. (3.19) takes the following
form

2
A(E+A2) A(E+A2)
U:—% 2+&+2A12( © ]—ZAl{ ° ]

3 A3A1+eA£L(§+A2) AA +ehu(e+Az)
2
A(S+A2) A(S+A2)
vorlzz?t, Al_Af ¢ |+ A7 — — |, (329
2 3 A3A1+e'°1(§+ 2) A3A1+6A1(§+ 2)
WL R ) et ?
=Lo LA AgA, +e"(cHA2) A A A, +ef(eR) )
In the special case when A; =1/ A, the solitary wave solutions take the form:
U _%—%Al += AZsech { A(E+A)]
L 2
Y, :ifi%’liéAﬁTsechZEAl(&Az )} (3.30)

W=L,- L24A12 sechZEAl(§+ A, )}

In the special case when A, =0,A=2,/C,, and 1 =-V the exact solutions (3.30) equivalent the exact
solutions (3.7) which obtained in [23,24].
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Family 3.
2 2
a, =-2, b, =11, a, Z%, b, =¢?&’ C = 52 —3Ly, w(E)=As+A,
a, = b =L =0, (3.31)
The solution of Eq. (3.19) takes the following form
2
U =i_2 L ,
3 Aé+A,
2
24
V=F—= L , (3.32)
3 Ac+ A,
2
AS+A,

Remark. All solutions presented in this paper have been checked with Mathematica by putting them back in
the original equations.

4. Conclusions

In this paper, we have used the modified simple equation method to construct some exact solutions for
nonlinear partial differential equations in mathematical physics via the coupled Hirota Satsuma equations
and generalized Hirota Satsuma euations. As a result, many exact solutions and solitary wave solutions are
obtained. We believe that this method should play an important role for finding exact solutions in
mathematical physics because this method is much more simple than the other methods.
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