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respectively for shape parameters  , and  . 

(v) Properties at the endpoints:  
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Proof. The results immediately follow from the defintion of the basis functions (1). 

Fig. 1 shows the curves of the quadratic trigonometric basis functions for 1,1,0    (solid 

lines), for 0,0,1    (short dashed lines), and 1,2/1,1    (long dashed lines), 
respectively. 

 
Fig. 1: The quadratic trigonometric basis functions. 

 

3. The RQTB Curve 

Definition 2. Given that )2,1,0( iPi  are three control points in )3,2( dRd , 
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is called the rational quadratic trigonometric Bézier (RQTB, for short) curve with three shape parameters
 , and  , where )0(  is called the weight of the function, and the basis functions )(tbi  are defined as 

(1). 
Theorem 2. The RQTB curve has the following properties: 

(i) Terminal properties: 
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(ii) Symmetry: If the weight  is kept fixed, 210 ,, PPP  and 012 ,, PPP  define the same RQTB curve in 

different parameterizations, i.e., 

),,,,,;1(),,,,,;( 012210 PPPtRPPPtR   , 

where ]1,0[t , ]1,1[,,  ,   with  and   cannot be simultaneously negative. 

(iii) Geometric invariance: The shape of the RQTB curve  is independent of the choice of coordinates, 
i.e., 
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where q  is an arbitrary vector in 2R  or 3R , and T  is an arbitrary mm  matrix, m = 2 or 3. 

(iv) Convex hull property: The RQTB curve segment must lie inside its control polygon spanned by
.,, 210 PPP  

Remark 1.  If ,1 the curve (2) will be called a quadratic trigonometric Bézier curve with three shape 

parameters. If ,0 the RQTB curve will reduce to the rational quadratic trigonometric Bézier curve with 

two shape parameters in [12]. For 0,1   or 1,0   , the RQTB curve will reduce to 
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, which is a straight line between the control points 0P  and 2P . 

 

4. Continuity of the Curves 

Let a RQTB curve )(tR  be given as (2) and a second RQTB curve )(* tR  be defined by 
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where the weight 0*  , three shape parameters ]1,1[,, ***  and satisfy that *  with * and *  
cannot be simultaneously negative.  

Theorem 3. Given Two segments of RQTB curves )(tR and )(* tR , then the necessary and sufficient 
condition of continuity is 

(i)  for 0C  continuity, 

2
*

0 PP  ; 

(ii)  for 1C  continuity, 
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The result (ii) holds after simple reorganization. 

The two curvers are joined by 2C  continuity if  
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Taking 0***   , we obtain from (3) 
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5. Shape Control of the RQTB Curve  

Given control points, the shape of RQTB curve can be adjusted by alerting the values of the shape 
parameters  , and  .  Moreover the weight   offers an additional control on the curve. 

In Fig.2(a), the curves are generated by setting 2,0    and changing  to  = −1/2 (long 
dashed lines) and  = 0 (solid lines) and  = 1 (short dashed lines), respectively. 

In Fig.2(b), the curves are generated by setting 2,0    and changing   to  = −1/2 (long 
dashed lines) and = 0 (solid lines) and  =1 (short dashed lines), respectively. 

In Fig.2(c), the curves are generated by setting 2,0    and changing   to   = −1/2 (long 
dashed lines) and  = 0 (solid lines) and  = 1 (short dashed lines), respectively. 

In Fig.2(d), the curves are generated by setting 0  and changing   to  =1 (long dashed 
lines) and  = 2 (solid lines) and   = 3 (short dashed lines), respectively. 

The presence of shape parameters and the weight provides an intuitive control on the shape of the curve. 
Fig.3 and Fig.4 show two graphs of pattern. The RQTB curves are generated by setting 0  ,

2  (solid lines), 0  , 1  (short dashed lines), ,4/3  0  ,  = 1(long dashed 
lines). 



Journal of Information and Computing Science, Vol. 10(2015) No. 4, pp 285-290 
 
 

JIC email for subscription: publishing@WAU.org.uk 

289

 
 

 
Fig. 2: The effects on the shape of RQTB curve for different values of  ,, and  . 

 
Fig. 3: Ornamental pattern 

 
Fig. 4: Netlike pattern  

 

6. Conclusion  

The rational quadratic trigonometric Bézier curve with three shape parameters is presented.  The 
proposed curve enjoys all the geometric properties of the traditional rational quadratic Bézier curve. The 
shape of the curve can be adjusted by altering the values of shape parameters while the control polygon is 

�a�
P0

P1

P2 �b�
P0

P1

P2

�c�
P0

P1

P2 �d�
P0

P1

P2



 

JIC email for c

290

kept unchan
CAD/CAM

7. Refer

 X. L. H[1]

251 (20

 M. Hus[2]

 F. Ibrah[3]

Egypt. I

 B. Y. Su[4]

Blended

 X. L. H[5]

pp. 151

 I. Juhás[6]

2390-24

 X. L. H[7]

(2002), 

 X. L. H[8]

pp. 535

 X. A. H[9]

Lett. 22

 M. Shen[10]

Inform.

 U. Bash[11]

parame

 U. Bash[12]

paramet

 

B

contribution: ed

nged. Moreo
M systems.. 

rences  

Han, Normalize

015), pp. 336-3

ssain, and S. S

heem, M. Hus

Inform. J. 14 

u, and L. P. Z

d Interpolation

Han, A class of

-163. 

sz, and Á. Rót

404. 

Han, Quadratic

pp. 503-512. 

Han, Cubic trig

-548. 

Han, Y. Ma, an

2 (2009), pp. 2

ng, and B. Su

 Syst. 9 (2013

hir, M. Abbas

eters, ScienceA

hir, M. Abbas

ters with appl

Beibei Wu et.al

ditor@jic.org.u

over the weig

ed B-basis of 

348. 

Saleem, C1 rat

sain, and M. Z

(2013), pp. 20

Zou, Manipula

n Spline, Proc

f general quar

th, Closed rati

c trigonometri

gonometric po

nd X. Huang, 

226-231. 

, A Class of B

3), pp. 89-96. 

, M. Awang, J

Asia 39S (201

, and J. Ali, T

lications, App

l : A New Ratio

uk 

ght offers an

the space of tr

tional quadrat

Z. Hussain, Ra

05-209. 

ator Trajectory

cedia Engineer

rtic spline curv

ional trigonom

ic polynomial

olynomial curv

The cubic trig

Bézier-type Cu

J. Ali, A class 

13), pp. 11-15

The G2 and C2

l. Math. Comp

onal Quadratic 

n additional c

rigonometric p

tic trigonomet

ational trigon

y Planning Ba

ring 29 (2012

rves with shap

metric curves 

l curves with a

ves with a sha

gonometric Bé

urves and Surf

of quasi-quin

. 

rational quad

put. 219 (201

Trigonometric B

control on th

polynomials a

tric spline, Eg

nometric cubic

ased on the Al

2), pp. 2093-20

e parameters,

and surfaces, 

a shape param

ape parameter

ézier curve wi

faces by Trigo

ntic trigonome

ratic trigonom

3), pp. 10183-

Bézier Curve w

he curve. It c

and curve desi

gypt. Inform. J

c spline to con

lgebraic-Trigo

097. 

, Comput. Aid

J. Comput. A

meter, Comput

r, Comput. Aid

th two shape p

onometric Poly

etric Bézier cu

metric Bézier c

-10197. 

with Three Shap

can be freely

ign, Appl. Ma

J. 14 (2013), p

nserve convex

onometric Her

ded Geom. D. 

Appl. Math. 23

t. Aided Geom

ded Geom. D

parameters, A

ynomials, J. C

urve with two s

curve with two

pe Parameters

y adopted in

ath. Comput. 

pp. 211-220.

ity of 2D data

rmite 

28 (2011), 

34 (2010), pp.

m. D. 19 

. 21 (2004), 

Appl. Math. 

Comput. 

shape 

o shape 

n 

a, 

 


